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Abstract. In [6] it was shown that fibring could be used to combine
institutions presented as c-parchments, and several completeness preser-
vation results were established. However, their scope of applicability was
limited to propositional-based logics. Herein, we extend these results to
a broader class of logics, possibly including variables, terms and quanti-
fiers. On the way, we need to consider an enriched notion of proof-calculus
that deals explicitly with the substitution provisos that often appear in
schematic inference rules. For illustration of the concepts, constructions
and results, we shall adopt modal first-order logic as a working example.

1 Introduction

Working with several logics is the rule, in practice, to wit in knowledge repre-
sentation and formal specification. Due to its intuitive simplicity and theoretical
interest, the fibring mechanism for combining logics has deserved close attention
[9, 3,20, 25]. In [6], c-parchments were proposed for bringing fibring to the realm
of institutions [10, 15, 11, 24], as an alternative to other approaches for combining
institutions [16—18]. A major strength of fibring is the possibility to establish gen-
eral transfer results from the logics being combined to the resulting fibred logic.
Soundness and completeness preservation for propositional-based logics was also
obtained in [6]. Herein, we extend these results beyond the propositional base.
Recall that c-parchments, signature-indexed categories of c-rooms, are an
evolution of [10,17, 18] designed to promote a smooth characterization of fibring
[20,25,5]. They differ from the model-theoretic parchments of [18] by endowing
the algebras of truth-values with a Tarskian closure operation, rather than just a
set of designated values. As shown in [6], fibred c-parchments appear as colimits
in the corresponding category. The proof-theoretic counterpart of c-rooms in [6]
was played by a notion of calculus with schematic inference rules, fit for rep-
resenting the Hilbert-style axiomatizations of propositional-based logics. Since
these logics are usually structural, every instantiation of a schematic inference
rule was allowed. However, if we want to represent more complex logics, we need
to gain control over these instantiations. A paradigmatic example are the provi-
sos in some of the axioms of first-order logic, e.g., requiring that a variable is not
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free in a formula. The idea of making these side conditions explicit is not new
[21], but the technique we shall use is improved along [7,22]. This fine control of
instantiations also has an impact on fibring, again characterizable by colimits.
These aspects settled, we can study soundness and completeness transfer results
in a broader context. As before [5], soundness preservation is immediate, by defi-
nition of fibring. For completeness, we capitalize on the notion of fullness [25] for
guaranteeing that the logics at hand have a sufficient amount of models. Under
reasonable assumptions on the logics being fibred, their syntactic constructors
and the properties of their proof-calculi, we also generalize the completeness
preservation results of [6]. We illustrate fibring by providing a detailed analysis
of modal first-order logic as a fibring of propositional modal logic and first-order
logic, considering various choices for its semantics, and clarifying the importance
of provisos and the applicability of the completeness results.

In Section 2 we set up logic-parchments by recalling the details of c-parchments
and introducing an improved version of proof-calculus. Section 3 is dedicated to
fibring. After an overview of fibred semantics, we proceed to the categorial char-
acterization of fibred logics, by understanding fibred deduction in the presence
of provisos. A general soundness preservation result is also established, and the
fundamental notion of fullness is introduced. In Section 4, we study completeness
preservation under meaningful fullness requirements and reasonable assumptions
on the syntactic constructors and the proof-calculi of the logics being fibred. We
conclude by discussing the results obtained, their limitations and future work.

2 Rooms and parchments

We consider, in turn, semantics, deduction, and finally logics.

2.1 Semantics

In the sequel, AlgSig, is the category of many-sorted signatures X = (S, 0),
where S is a set (of sorts) and O = {Oy}yes+ is a family of sets (of opera-
tors) indexed by their type, with a distinguished sort ¢ € S (for formulas) and
morphisms preserving it. We denote by Alg(Y) the category of Y-algebras and
homomorphisms, and by cAlg(X) the class of all interpretation structures (A, c)
with A a X-algebra and c a closure operation on |A|, (the carrier of sort ¢, intu-
itively corresponding to the set of truth-values). Recall that a closure operation
c: p(|Als) — (] A]s) is extensive, monotonic and idempotent, i.e., B C B€,
B¢ C (BUB’)€ and (B€)€ C B€. We use Wy to denote the free X-algebra (the
word algebra), Formyx to denote the set [Wx|y of formulas, and [_] 4 (for word
interpretation) to denote the unique Alg(X)-homomorphism from Wy to a given
X-algebra A. We use ¢, ¥ to denote formulas, and @, ¥ sets of formulas. Elements
of [Wx|s are referred to as terms and denoted by t. Every AlgSig,-morphism
h : X1 — X9 has an associated reduct functor _ |, : Alg(Xy) — Alg(X;). Note
that [t] 4), = [A(t)].a for each t € Wy, |s and Xs-algebra A. As usual, we over-
load the notation and write h for word translation instead of [_]yy,, |, to denote
the unique Alg(X;)-homomorphism from Wy, to Wx,|p.



Definition 1. A c-room is a pair R = (X, M) with X € |AlgSig,| and M C
cAlg(X). A morphism of c-rooms from Ry = (X1, M1) to Ry = (Xo, Ms) is an
AlgSig -morphism h : Xy — Xy such that (A5, c) € M for every (A, c) € Ma.

Clearly, c-rooms and morphisms set up a category CPRoom, from which the
category CPar of c-parchments is obtained by a simple Grothendieck construc-
tion (see [6]). Namely, a c-parchment is a functor from any given category Sig of
abstract signatures to CPRoom. Building on the cocompleteness of CPRoom,
CPar is cocomplete [6]. A c-room R = (¥, M) induces an entailment® rela-
tion defined by @ Fr ¢ if [¢]a € {[¢]a : ¢ € P}C for every (A,c) € M,
where @ U {¢} C Formy. The following property holds: if h : Ry — Ro is
a c-room morphism and @ Fg, 9 then h(®) Fr, h(¢). Given a c-parchment
R : Sig — CPRoom and {2 € [Sig|, we denote Fp(y simply by Fgo.

Ezample 1. X is a fixed set of variables. The c-parchment of first-order logic
with equality is the functor FOLEq defined from the category Set™ x Set™
of abstract signatures (F,P) of ranked function and predicate alphabets, by
assigning to each (F, P) the c-room Rroreq = (XroLEg, M) such that:

— EFOLEq = <{T, (b},O) with O, = X U Fy, Osny = F,, for n > 0, O-rn¢ =P,
for n #2, Or2p = P, U{=}, Ogg = {7} U{Ve 12 € X}, Op2y = {=};

— M contains all structures (A, c) obtained from (F, P)-interpretations (D, I)
with D # 0, fr : D™ — D for f € F,, py C D" for p € P,, by: |A|, =
DAs(XD) 1Al = p(Asg(X, D)), where Asg(X, D) = DX is the set of as-
signments i; xa(p) = p(x) for x € X, fa((e:))(n) = fr({ei(n))) for f € F,
pa({e) = {p: (ei(p)) € pr} for p € P, =4 (e1,e9) = {p: er(p) = ea(p)},
—a(v) = Asg(X,D) \ v, YVea(v) = {p : p[z/d] € vforeveryd € D},
= 4(v1,v2) = (Asg(X, D)\ v1) Uv; ¢ : p(JA|p) — p(|Als) is the cut closure
induced by set inclusion: given V' € p(|A]4), V€ ={v € |A|s: (NV) C v} is
the principal ideal determined by ([ V) on the complete lattice (p(|.Al4), D).

The denotation of a formula is the set of all assignments for which it holds.
First-order logic without equality can be obtained by omitting =.

Ezample 2. The c-parchment K of propositional modal logic is defined from the
category Set of abstract signatures, by mapping each set PS of propositional
symbols to the c-room Ry = (Xk, M) such that:

= Xk = ({¢},0) with Oy = PS, Ogg = {0, 7}, Oy2 = {=};

— M contains every (A, c) obtained from Kripke models (W, R, 9) with W # 0,
RCW?,9:PS — p(W),by: |Alg = p(W); ga = V(q) for ¢ € PS, 04(U) =
{w:{w :wRw'} C U}, ~aU) = WAU, 24U,Usz) = (W\Up) UUs;
c: p(|Alg) = ©(JA|e) is the cut closure induced by D.

The denotation of a formula is the set of all worlds where it holds.

! This is a local entailment relation. A stronger, global, entailment can also be defined
by letting @ % v if [1)].a € 0€ whenever {[@]a : ¢ € &} C OF for every (A,c) € M.
This terminology is borrowed from [5] and is reflected, below, by the separation of
local and global rules in deduction-rooms.



2.2 Deduction

As noted in [21], to represent the Hilbert-calculi of non-propositional-based log-
ics we need a notion of schematic inference rule with a proviso delimiting its
possible instantiations. From now on &, with any decoration, stands for a schema
variable. Given ¥ = (S,0) and s € S, we denote by =, the set {¢¥ : k € INo}
and let & = {&s}ses. We define the set of schema formulas Formy(Z) to be
[Wsx(Z)|s, the carrier of sort ¢ in the free algebra with generators =. We use
7,8 to denote schema formulas, and I, A sets of schema formulas. Elements of
[Wx(Z)|s are schema terms, denoted by 0. A schema substitution is a family
o={os:5s — [Wx(5)|s}ses, that extends freely to schema terms. We write 6o
for the corresponding instantiation. SSub(X') denotes the set of schema substitu-
tions over X. If 0 maps each schema variable to a term without schema variables,
we call it a (ground) substitution and denote it by p. Sub(X') denotes the set of
all substitutions. Given h : X — X', we use h(o) to denote (h o o) € SSub(X).
In the sequel, AlgSig (X, _) denotes the class of all morphisms with domain .

Definition 2. A X-proviso is m = {7 }realgsig, (,_), where m, C Sub(L”) for
each h: X — X', such that p € 7y, if and only if 2/ (p) € mhion.

Provisos make their behaviour explicit on signature changes, which is essen-
tial when inference rules are translated to a richer language [7]. We denote by
ungv the universal Y-proviso, univ, = Sub(X’) for h : ¥ — X'. Given a X-
proviso m we denote by 7y the component ;4. Given h : ¥ — X' we denote
by h(m) the X’'-proviso such that h(m)p = Thon. Given o € SSub(X) we denote
by mo the X-proviso defined by (7o), = {p € Sub(X’) : po h(o) € m,}. Note
that for p € Sub(X), mp = univ if p € 75, and mp = 0 if p € wx. By analogy, we
define o € 7y if mo = univ. Given X-provisos m; and 7wy we denote by m; N o
the X-proviso such that (m N )y, = (mw1)n N (m2)n. We say that 71 C 7o iff
71, C ma,. A X-proviso 7 is said to be insensitive to £ if for every h: X — X’
and any p, p’ € Sub(X’) that may only differ on £, p € 7, if and only if p’ € mp.

Ezample 3. Recall Example 1 and let z € X. We define the following provisos:

= nfo(§y, x): given h, p € nfu(&F, z)p if h(z) does not occur free in p(fg)Q;

= fts(&5.€5" k x): given h, p € fts(§5: 65" k x)p, if p(€F) is free for h(x) in
p(€3) and p(€7") is p(€f) with all free occurrences of h(x) replaced by p(&F);

— eqrep(§5, 85", m,y): given h, p € eqrep(§5, 85", x, y)n if p(§7') is p(€F) with
some free occurrences of h(z), out of the scope of h(Vy), replaced by h(y).

Definition 3. A X-rule is a triple (I, §, 7) with I’'U{0} C Formyx(Z) finite and
7 a X-proviso insensitive to all the schema variables not in I" U {§}.

We represent r = (I,6,7) by £ : 7, or even 292« 1 if I' = {y1,..., 7}
If the set of premises I' is empty the rule is identified with its conclusion § and
proviso 7 and called a schema aziom. The translation of by h : X' — X’ is the

X'-rule h(r) = (h(I"), h(d), h(m)).

2 We mean that h(zx) always occurs in the scope of h(Vz). If variables and quantifiers
are maintained on translating via h, it means precisely that x occurs under Vz.



As in [20, 25,5, 6], we explicitly distinguish local from global inference rules
(see Examples 4 and 5). The nature of this distiction shows up both on their
diverse deductive roles and on their different soundness requirements, below.

Definition 4. A deduction-room (d-room, for short) is a triple D = (X, IR, gR)
where IR U gR is a set of X-rules such that gR-rules have non-empty premises.
A morphism of d-rooms from Dy = (¥1,IR1,gR,) to Dy = (X3, IRz, gR,) is a
morphism h : X1 — X5 such that h(IR1) C [Re and h(gR;) C gR,.

Deduction-rooms and morphisms set up a category DRoom, from which
the category DPar of deduction-parchments (d-parchments) is obtained by a
Grothendieck construction, its colimits built from colimits in DRoom, as in [6].

Each D = (X, IR, gR) induces a deducibility relation, built on top of a notion
of theoremhood (the global counterpart of (local) deducibility). Let I" U {6} C
Formy(5Z) and m be a X-proviso. We say that ¢ with proviso 7 is a schema
theorem of D generated from I', I' ™ § : 7 if there exists a finite sequence
(01,m1), -, (6pn,Tn) with § = §,, and m C 7, such that for each i, either §; € I
and m; = univ, or there exists a rule (I, ,, 7,) € IRUgR and o € SSub(X) with
o ={6,,...,05,} C{d; : j <i}, & =60 and m = (m;, N---Nw;,) Nm0.
To simplify, we write F&™ ¢ : 7 if I' = 0, or I' Fi™ § if 7 = univ. Easily, for
every o € SSub(X): if I' F4™ § : 7 then I'oc F3™ §o : 7o. In deductions, now,
only [R-rules and schema theorems are allowed. We say that § with proviso 7
is deducible in D from I', I Fp § : m, if there exist (§1,m1),..., (0n, ™) with
6 = 0, and ®# C m,, such that for each i, either §; € I' and m; = wuniv, or
Fthm 5« 7, or there exists a rule (I}, d,,m.) € IR and o € SSub(X) such that
o ={6;,...,05,} C{d; : j <i}, & =60and m = (m;, N---Nm;,) Nm0.
Simplified notation applies to Fp, and the following also holds: if I' Fp § : 7w
then I'oc Fp do : mo. Given a d-parchment D : Sig — DRoom, we denote each
Fp(e) by Fo. The next structurality result is straightforward.

Proposition 1. Let h : D — D’ be a d-room morphism. If I' F4™ § : 7 then
h(L) F5™ h(8) : h(x), and if T'Fp 6 : m then h(I") Fpr h(§) : h().

Ezample 4. The d-parchment for first-order logic with equality is the functor
FOLEq : Set™ x Set™ — DRoom that maps each (F,P) to the d-room
Droreq = (XFoLEq, IR, gR), with Xporrq defined as in Example 1 and:
[R: 5(; = (& = &)  unw

= (=)= (6 =8) = (E=¢€)) - univ

(—\fé = ﬂﬁé) = (’fé = 5;) S univ

(Vo &5) = €3 : fts(&5, €3, &7, 2)

(Vo (&, = €3)) = (6 = (Y &) : nfu(é, =)

Vo (x = x) : unv

(x=y)= (& =&3) : eqrep(é4,€35,7,9)

&, &=E0

&

51
gR: %1 : univ.
o

D UNv;




The shape of the fourth axiom is unusual. The usual notation that replaces 5;
by @(m :=t) and requires t to be free for z is fine, informally, but we make it
precise with fts. Let us deduce Va p(x) Fpye,p, p(x), with p a unary predicate.

1. (Vx p(x), univ) Hypothesis
2. (Vz p(z)) = p(z), univ) Axiom 4
3. (p(x), univ) MP rule:1,2

In step 2, we used the fourth axiom with substitution pa(&}) = Va p(z), pa (53,) =

p(ﬂ?) and p2(§71—) = z. Basily, p2 € fts(géafia 71—7 x)EFOLEq’ and so fts(féa gév 71—a .13),()2 =
univ. Tn step 3, we used MP with p3(£}) = Vo p(z) and p3(£3) = (Va p(z))=p(x).

Ezample 5. The d-parchment for modal logic is K : Set — DRoom, mapping
each PS to Dk = (Xk, (R, gR), with X defined as in Example 2 and:

IR: 5(}5 = (55) = f;) ;D uniw
(= (=€) = (&= &)= (6= &) « univ
(—\fé =) = (fé = fi) S univ
O(g, = &) = (O, = 0€Z) = univ
€ =6

&2 T Uunw
®
gR: é—;’l T univ.
£
2.3 Logics

Often, we shall consider a c-parchment R : Sig — CPRoom together with a
d-parchment D : Sig — DRoom such that, for each 2 € |Sig|, R(£2) and D(2)
share the same signature Y. With @ U {¢} a set of formulas, we define:

— D is sound for R if @ F ¢ implies @ Fg, 9, for all §2;

D is weakly complete for R if Fg ¢ implies g, ¢, for all £2;

— D is finitely complete for R if @ finite and @ F ¥ imply @ g 9, for all §2;
D is complete for R if @ Fq ¢ implies @ Fq, ¥, for all 2.

A Y-rule r = (I',0,7) is said to be locally sound for (A,c) € cAlg(Y) if
[60]a € {[vp]a : v € T}, for every p € 7x, and globally sound if [6p]4 € O€
whenever {[yp]a : v € I'} C (€, for every p € mx. If all the rules of a d-room
D are sound for all the structures of a c-room R, i.e., the rules in [R are locally
sound and the rules in gR are globally sound, we say that the rules of D are
sound for R. Obviously, if the rules of D({2) are sound for R({2) for every {2,
then the d-parchment D is sound for the c-parchment R [20, 25, 5].

Definition 5. A logic-room (l-room, for short) is a tuple £ = (X, M, IR, gR)
where R(L) = (X, M) is a c-room and D(L) = (X, IR, gR) is a d-room with
rules sound for R(L). A morphism of l-rooms from L; to Ly is an AlgSig,-
morphism h : Xy — X5 such that h: R(L;) — R(L,) is a morphism of c-rooms
and h : D(L,) — D(L,) a morphism of d-rooms.



Logic-rooms and morphisms set up a cocomplete category LRoom. The cat-
egory LPar of logic-parchments (I-parchments) is again obtained by a Grothen-
dieck construction, and is also cocomplete (see [6]). We write F, and I, for Fr ()
and Fp(r), and say that £ is (weakly/finitely) complete when D(L) is, for R(L).
By definition, all I-rooms are sound. Given a l-parchment L : Sig — LRoom
and {2 € [Sig|, we denote Fp) and k) simply by Fo and Fq.

In [20, 25] we have noted that fibring is very sensitive to the way logics are pre-
sented, leading sometimes to the so-called collapsing problem [23]. Deductively,
this difficulty can be dealt with by an appropriate use of provisos. Semantically,
a way to deal with the possible trivialization of fibred logics is to require cer-
tain fullness conditions, guaranteeing that the logics have “enough” models [25].
Given X' € |AlgSig,|, let Z C cAlg(X) be a class of intended structures.

Definition 6. A l-room £ = (X, M, IR, gR) is full for T if M contains every
(A, c) € T for which the rules of D(L) are sound.

Although fullness seems to be a fairly strong requirement, making a l-room
full for 7 is a well-behaved operation. Given £ = (X', M, IR, gR), its full version
is £ = (X, M,IR,gR) with M = M U {(A,c) € Z: D(L) is sound for (A, c)}.
This definition easily extends to an endofunctor in LPar. More important is the
fact that soundness and completeness carry over from £ to £. In general, we
have that -, =F7 CF; CF,, meaning that Fz can be weaker than F, but if
that happens L is closer to being complete. Later, in the context of fibring, we
shall consider several interesting choices of intended structures. For now, we just
consider the unrestricted class of all interpretation structures.

Ezample 6. The l-parchment FOLEq of first-order logic with equality maps each
<F, P> to the room ‘CFOLEq = <EFOLEq7 M, ZR, gR>7 with RFOLEq = <EFOLEq7 M>
and Droreq = (XFroLEq, IR, gR) as in Examples 1 and 4, well known to be sound
and complete [14]. Its full unrestricted version FOLEq considers, instead, the
room Lyprg; = (XroLEq, M, IR, gR) where M contains all structures making
Droreq sound, and not just the usual structures of first-order logic already in
M. By construction, FOLE(q is also sound and complete.

Ezample 7. The l-parchment K of modal logic assigns Lx = (Yk, M, R, gR),
with Rg = (¥k, M) and Dk = (X, IR, gR) as in Examples 2 and 5, to each
PS and is sound and complete [12]. The full unrestricted version K considers,
instead, the room L = (Xk, M, IR, gR) where M is the class of all structures
for which Dk is sound. Besides the Kripke structures in M, M also contains, for
instance, all modal algebras. K is also sound and complete.

3 Fibring

We already know that colimits of parchments are built from colimits of rooms.
As in [6], we characterize fibring using colimits, and so we concentrate just on
rooms. Obviously, all the characterizations to follow can be immediately lifted



to parchments. When considering two rooms with signatures Xy = (S7,01)
and Yo = (S9,0), we assume that their fibring is constrained by sharing the
sorts and constructors in their largest common subsignature Xy = (Sp, Og), with
So = 51NSs (it always includes ¢) and Og ,, = O1,,NO2 y, for u € Sar, according
to the corresponding inclusions hy : Yy — X7 and hy : Xy — X5, Below,
Ro = <20, M0> with MO = CAlg(Eo), DO = <20, @, @> and [:0 = <Z]07 M(), @, @>

The envisaged combined signature is Xy ® Xy = (S, O) such that S = S1US5,
with inclusions f; : S; — S, and O, = O1,, U O, if u € Sa', Oy = Ojy if
u € Sf \ SO+, with inclusions g; : O; — O. Easily, Xy ® Y5 is a pushout of
{hi + Yo — Xiltieq1,2y in AlgSigy, with inclusions (f;, g;) : X — X1 ® Ys.
When Sy = {¢} and Oy = () we say that the fibring is unconstrained, and the
construction corresponds to a coproduct in AlgSig . The fibring of two c-rooms
R = <21,M1> and Ro = <22,M2> is R1 ® Ry = <21 ® Yo, M1 ® M2>, where
M, ® My is the class of all structures (A, c) € cAlg(X; ® X3) such that both
(Al(1,91),€) € My and (A, gy, €) € Mo, i.e., M1 ® My is obtained by joining
together (A1, ¢1) € My and (Asg, ca) € My with | A]s = |Az|s = | A5 for s € Sp,
04, =04, =04 foroe Oy, with u € S{}', and ¢; = ¢ = ¢. The fibring R1 ® Ro
is a pushout of {h; : Ry — Ri}ieq1,2y in CPRoom, as proved in [6], where a
similar characterization for propositional-based proof-calculi, without provisos,
was also given. To generalize the characterization, let Dy = (X1, IR, gR;) and
Dy = (X5, [Ro, gR5) be d-rooms and Dy ® Dy their fibring.

Definition 7. D; ® Dy = (X1 ® X5, IR ® IR, gR, ® gR,) where IRy ® IRy =
(f1,91)(IR1) U (f2, 92)(IR2) and gR; ® gRy = (f1,91)(gR) U (f2,92)(gR5).

Proposition 2. Dy ® Dy is a pushout of {h; : Do — D;}icq1,2y in DRoom.

Fibred l-rooms capitalize on the characterizations above but, first, we need
to note that soundness of rules is preserved. Let £; = (X1, My, IRy, gR;) and
Lo = (X5, My, IRo, gR,) be l-rooms and £1 ® Lo their fibring.

Theorem 1. The rules of D(L,) ® D(L,) are sound for R(L,) ® R(L,).
It is now safe to state the definition of fibred l-room.

Definition 8. £1 ® Lo = (X1 ® Yo, M7 ® Mo, [R1 ® [Ro, gRy ® gR,).

Proposition 3. £y ® L, is a pushout of {h; : Lo — Li}icq1,2y in LRoom.

To see fibring interact with fullness, consider a system of intended structures
Iy C cAlg(Xy), Io C cAlg(Xs), T C cAlg(X) ® Xs) satisfying a coherence
requirement: if (A,c) € Z then (A, . .c) € 7y and (A4 . c) € Io. The
result below is an immediate consequence of the definition of fibring.

Proposition 4. If L1 and Lo are full for Ty and Zs then L1 ® Lo is full for T.

Ezxample 8. We obtain a l-room Eméaﬁf for modal first-order logic by fibring
the full versions of modal and first-order logic of Examples 7 and 6. The combined
signature Xporeq ® Xk = (S, 0) has:



- S={1¢}, 0, =XUFy, Opn; =F, forn >0, Oy =PS, Or24 = P,U{=},
Orng = Py forn>0andn # 2, Ogy = {~,0}U{Vz : 2 € X}, Op2y = {=}.

Consider the usual interpretation structures of modal first-order logic with
constant domain and rigid interpretation of symbols, i.e., the first-order compo-
nent does not change from one world to the other. It corresponds to considering
both a FOLEq interpretation (D, I) and a Kripke model (W, R, d). It is easy to
see that among the structures of Leprg; ® L we can find the (A, c) such that:

= [Al; = DWAsND) and Ay = p(W x Asg(X,D)); walw,p) = p(a),
fa((e)(w, p) = fi((ei(w, 1)), ga = 9(q) x Asg(X, D), pa((ei)) = {(w, p) :
(ei(w,p)) € pr}, —ab) = (W x Asg(X, D)) \ b, =a(br,b2) = ((W x
Asg(X, D)) \ b) U by, ¥za(b) = {{w, ) : {w, ali/d]) € b for every d € D},
and Oa(b) = {(w,p) : {(w',p) : wRw'} € b}; ¢ 2 p(|Alg) — (| Al) is the
cut closure operation induced by 2.

This structure makes all the rules of Drorgq ® D sound, but other usual modal
first-order semantic structures could be considered (see Example 9). But now,
the reason why we considered the full versions is obvious: the structure above is
in Em ® L but certainly not in Lroreq ® Lk-

4 Completeness

Again we concentrate on l-rooms, since everything can be lifted to l-parchments.
The results in this section generalize [6] and make thorough use of the notion of
fullness. The first result applies to l-rooms full for the class of all structures.

Proposition 5. If L is full for all structures then L is complete.

Proof. The rules of D(L) are sound for (Wx, ¢) with ¢ = .. Thus, by fullness,
the structure Wy, c¢) belongs to £. Suppose now that @ I/, ¢. To show that
@ H, o it is enough to note that [_Jyy,, is the identity on formulas. O

The system Z7 = cAlg(Xy), Zo = cAlg(Xs) and Z = cAlg(X) ® Xs) of
intended structures trivially satisfies the necessary coherence requirement.

Proposition 6. Fullness for all structures is preserved by fibring.
The first completeness transfer result follows from Propositions 5 and 6.
Theorem 2. If L1 and Lo are full for all structures then L1 ® Lo is complete.

Although this result is a bit too syntactic (see the structure in Proposition
5), its proof is enlightening. Reusing the technique of [25], we have shown that
if a l-room has certain properties then it is complete (Proposition 5), and also
that the relevant properties are preserved by fibring (Proposition 6). All the
subsequent completeness preservation results follow the same pattern.

We start by considering a reasonable syntactic restriction. A signature X =
(S,0) is said to be plain if for every o € O, with s # ¢, u € (S\ {¢})*.
Plainhood of signatures prevents us from building terms using formulas.



Proposition 7. If 3y and Yo are plain signatures then so is X1 ® Y.

A closure operation (A4, c) is said to be elementary if for every aj,as € A,
a; € {az}€ and ay € {a;}€ imply a; = ay. Clearly, the structure in Proposition 5
is not elementary. Let us take as intended the class of all structures whose closure
is elementary. The corresponding system of intended structures clearly fulfills the
coherence requirement and fullness for this class is preserved by fibring.

Proposition 8. Fullness for elementary structures is preserved by fibring.

The following characterizations are a simple reformulation from [25,6,5]. A
d-room D over X = (S,0) is said to have implication if there exists = € Oy24
satisfying: (i) Fp fé = {é, (ii) %,«f{é = {é Fp 5;“;, (iii) fi Fp {é = fi, (iv) for
each (I',0,m) € IR and § not in I"'U {6}, {{f =y v €t bp =0

In the sequel, D is said to be formula-congruent if it has implication and
we have that, for every o € Oy, 5,4 and s; = ¢, f; = gg,gg = f; -thm
0(€d s, 60 &L e e ) =08l €0, €L L € ). The next
result follows from Proposition 1.

Proposition 9. If D; and Dy are formula-congruent and share an implication
then Dy ® D is formula-congruent.

We are now able to present the following completeness result.

Proposition 10. If L is full for elementary structures, has a plain signature,
and D(L) is formula-congruent then L is complete.

Proof. Let X be the signature of £. Easily, =, defined on |Wx|s by @1 =4 @2 if
{1} Fr w2 and {pa} Fz @1 is an equivalence. Since D(L) is formula-congruent
and X is plain, == {=;}ses with =, the identity if s # ¢ is a congruence on
Wos. Let us consider the Lindenbaum-Tarski structure (Ws; /=, ¢), with ¢ defined
by {[¢] : ¥ € W} = {[¢] : ¥ F ¢'}. Clearly D(L) is sound for (Wx /=, c),
which is elementary and, by fullness, belongs to £. Suppose that, @ /. ¢. The
structure just built shows that @ F, 1. O

Theorem 3. If L1 and Lo are full for elementary structures, Xy and X5 are
plain, and D(Ly) and D(Ls) are formula-congruent and share an implication
then L1 ® Lo is complete.

Let us try to improve this result. In logic, algebras of truth-values are often
partially ordered. Every partial-order (A, <) induces two polarities Upp(B) =
{a € A:b<aforevery b€ B} and Low(B) ={a € A:a < for every b € B},
and a cut closure operation on A defined by B¢ = Upp(Low(B)) [2]. Partial-
order structures are precisely those whose closure operation fulfills this condition.

Proposition 11. Fullness for partial-order structures is preserved by fibring.
We can now present the following preservation results.

Proposition 12. If L is full for partial-order structures, has a plain signature,
and D(L) is formula-congruent then L is weakly complete.



Proof. The proof is similar to Proposition 10, but with a different closure. Note
that [¢1] < [p2] if Fz @1 = o defines a partial-order on Wy /=|s. Consider the
structure (Wx /=, c) where c is the cut closure induced by <. Let us check, in
this less trivial case, that the structure makes the rules of D(£) sound. Consider
arule r = =72 7 and fix a substitution p € mx. Assume that r is an [-rule.
Since [_Jy,. /= = [_], we need to show that [6p] € {[y1p], ..., [vnp]}€. Let ¢ be
a formula such that [¢] < [y;p] for i« = 1,...,n. This means that b ¢ = v;p
for each i. Using requirement (iv) of implication, {5:; =y c:i=1,...,n} ¢
§p = 0+ for £ not in r. Consider p’ € Sub(X) such that p’ equals p, except
that p'(£3) = ¢. Clearly, vip = 7ip" and dp = dp'. Moreover, 7 is insensitive to £}
and p’ € mx. By the structurality of deducibility and the fact that wp’ = univ,
{o=vip:i=1,...,n} bz ¢ =3dp. So bz ¢ = dp, or equivalently, [¢] < [dp],
and the [-rule is sound. Assume now that r is a g-rule. We need to show that
{[v1pls-- -, [vap]} € 0€ implies [§p] € 0C. Easily, #€ has precisely one element,
the equivalence class of formulas 1 such that -, . If -, ~;p for each 4, then
by using 7, we conclude that F, dp and the g-rule is sound. By fullness, the
structure belongs to R(L). So, if I/, 1 this structure shows that H, 1. ad

Theorem 4. If L1 and Lo are full for partial-order structures, Xy and X5 are
plain, and D(Ly) and D(Ls) are formula-congruent and share an implication
then L1 ® Lo is weakly complete.

A little improvement is still possible. A d-room D over X = (S, 0) is said
to have conjunction if there exists A € Oyz2q such that: (i) 5 A &3 Fp &}, (i)

LA bp €2, (i) 1,62 Fp LA E2.
Proposition 13. If Dy or Dy have conjunction then so has D1 ® Ds.

Proposition 14. If L is full for partial-order structures, has a plain signature,
and D(L) is formula-congruent and has conjunction then L is finitely complete.

Proof. Consider the structure of Proposition 12, and suppose {©1, ..., ¢n} Hrz ¥.
With ¢ = 1 A ... Ay, it is trivial that . @ = ¢; for each i. Easily, it is also
the case that Iz ¢ =1 and the structure shows that {¢1,...,¢,} #r . O

Theorem 5. If L1 and Lo are full for partial-order structures, Xy and X5 are
plain, D(L1) and D(Ls) are formula-congruent, share an implication, and one
of them has conjunction then L1 ® Lo is finitely complete.

All the previous results are still valid if we concentrate only on structures
providing a standard interpretation of equality, when it exists. A signature X =
(8,0) € |AlgSig,| is said to have a system of equalities if, for every s € S\ {¢},
there exists =€ Oj24. The existence of equality symbols is preserved by fibring.

Proposition 15. If Xy and X5 have systems of equalities then so has X1 ® X5.

If X has a system of equalities, then (A4, c) € cAlg(X) is said to be standard
for equality if: (i) if a1 =4 az € 0€ then a; = ao, (ii) for T C |Al,, the
congruence =1 on A generated by Ry = {(a1,as) : a1 =4 az € T€} is such
that =7 s= Rr N (|A]s x |A|s) for s # ¢. The conditions mean that c¢ captures
precisely the congruence imposed by the equalities.



Proposition 16. Fullness for standard structures is preserved by fibring.

Now, of course, we should require a similar standard treatment of equality
at the deductive level. A d-room D = (X|IR, gR) is said to have equality if
X has a system of equality symbols and the following hold: ( ) bp &8 = &L
(i) € = € bp & = ¢, (i) & = €, = & bp & = &, (iv) for every
0 € Os,. 5,5 With s # ¢ and every i € {1,. n} with s; # ¢, & =0 Fp

o(€d ..., &0, ,i,ggﬁl,...,ggn) = of 61,...,§éb . ,i,ggﬁl,...,ggn), and last
but not least (v) for every 0 € O, 5,4 and every i€ {l,. n} with s; # @,
L0 0(€h . LG e Y polel,, . € €0 6L ).

Proposition 17. If D; and Dy have equality then so has D1 ® Ds.
We can now state the following completeness result.

Proposition 18. If L is full for standard elementary structures, has a plain
signature, and D(L) is formula-congruent and has equality then L is complete.

Proof. For each s € S\{¢}, = such that t; =, t5 if b t] = 5 is an equivalence
on |[Wy|s. Considering == {=,},c5 with =, as in Proposition 10, and noting
that D(L) has equality, we conclude that = is a congruence on Ws. Consider
(Wsx/=,c), with ¢ defined as in Proposition 10. The structure makes D(L)
sound and is elementary. We now prove that it is standard for equality. Given
[t1], [t2] € Ws/=]s, if [t1] =, = [t2] € O then k£ ¢ = ¢ and, by definition
of =, t1 = ta and [t1] = [to]. Given T' = {[¢)] : ¢ € ¥} C [Wyx /=4 and Ry =
{(a1,a2) : a1 =y, /= ag € TC}, let Ry s = Ry N (| Als % | Al,) for each s # ¢ and
recall that T€ = {[¢/'] : ¥ Fp,ep, ¥'}. Consider the congruence =1 generated
by Rp. By definition, Ry s C=rs. Since D(L) has equality, it is easy to see that
Ry is an equivalence and ([o(t1,..., ;... tn)], [0(t1,. .., th, .. E0)]) € Rpg
for each o € Oy, . 5, s with s # ¢ (and, since X' is plain, each s; # ¢) whenever
([t:], [t}]) € Rr,s;- So, =1,sC Rr s, (Ws/=,c) is standard and belongs to £, by
fullness. As before, if @ /- ¢, Wsx /=, c) clearly shows that @ H, 1. O

Completeness preservation results for elementary, or partial-order, structures,
assuming herein that they are also standard for equality, easily follow.

Theorem 6. If L1 and Lo are full for standard elementary structures, Xy and
Yy are plain, and D(L1) and D(Ls) are formula-congruent, with equality and a
shared implication then L1 ® Lo is complete.

Theorem 7. If L1 and Lo are full for standard partial-order structures, X1 and
Yy are plain, and D(L1) and D(L2) are formula-congruent, with equality and a
shared implication then L1 ® Lo is weakly complete.

Theorem 8. If L1 and Lo are full for standard partial-order structures, X1 and
Yo are plain, D(L1) and D(Ly) are formula-congruent, with equality, a shared
implication, and one of them has conjunction then L1 ® Lo is finitely complete.



Ezample 9. In Example 8 we obtained a system of modal first-order logic by
fibring full versions of propositional modal logic and first-order logic. It is well
known (e.g., [12]) that the structures considered therein make both the Barcan
formula (Vz(0E3)) = (O(Vzg))) and its converse (L(Va€y)) = (Va(LE€])) sound.
However, although the latter is deducible from Drorrq ® Dk, the former is not.
Since our completeness preservation results apply, Em@? L7 is complete and
must contain structures where the Barcan formula fails. This is the case for the
expanding domains interpretations of [12], with an extra component @ : W —
©(D) that assigns to each world a domain of interpretation such that if wRw’
then Q(w) C Q(w’). We denote by D,, the set Q(w), by Asg(X, D),, the set DX
of assignments in D,,, and by U the set {{(w,p) : w € W and p € Asg(X, D), }.
Then, (A,c) is defined just as in Example 8, considering A, = DY, Ay = p(U)
and Vo 4 (b) = {{w, p) : {{w, plz/d]) : d € Dy} C b}.

One important aspect of the structures considered so far is that the inter-
pretation of symbols is rigid. However, if we consider flexible symbols, we must
proceed with caution. As noted for instance in [22], some axioms of FOLEq do not
behave well in the presence of flexible symbols. Consider the following instance
of the fourth FOLEq axiom, (Vz ((c = z) = 0(¢ > x))) = ((c = ¢) = O(c > ¢)),
where ¢ is a flexible symbol and > is an irreflexive ordering. It is easy to find a
structure that falsifies the formula. The problem arises when we try to replace
a variable by a flexible term (in this case ¢) in the scope of a modality. One way
to avoid this problem is to strengthen the proviso as follows:

— fts(§5, 65" k x) is such that, given h : Yrorp, — X', p € fts(€5, 65" ko)
iff p(&F) free for h(z) in p(€g) and p(&7') results from p(€j) by replacing by
p(€F) the free occurrences of h(x). Plus, if p(€F) is a Xpopgs-term, then no
free occurrence of h(z) can appear in the scope of a X'\ h(Xroreq)-symbol.

In our example, this means that no term of YrorLgq may be replaced in
the scope of a modality. This change has no impact whatsoever on first-order
logic per se, but makes a huge difference when we combine it with modal logic.
Likewise, the fifth axiom in Drorrq must also be changed to prevent p(£}) to
contain modalities. If we consider equality, egrep must also be changed so that
[13]: “if x occurs free in the scope of a modal operator, then either all or no
occurrence of x may be replaced by y”. With these changes, the corresponding
fibred system includes structures (A, c¢) defined from (W, R, ¥, D, Q, I) with f; =
{frw : D}, = Dy}wew for f € F,, and pr = {prwfwew with pr,, C D} for
p € P,, by letting:

= falle)(w, 1) = fruw((ei(w, w))), pal(e) = {{w, p) = (ei(w, 1)) € prw}-

However, after changing the provisos, the converse Barcan formula is no
longer deducible (see [13]). According to the completeness results, the class of
fibred models must now contain structures falsifying it. The structures of [22] are
general enough to provide such counterexamples. Consider (W, R, 4, D, I') where
R = {R,},epx with each R, C W?, f; = {f1,w : D" — D}yew for f € F,,
and p; = {pr.w }wew with py,, C D™ for p € P,. Letting U = W x Asg(X, D),



and for each b C U, b, = {w : (w,p) € b for some p} and b, = {p : (w,p) €
b for some w} we define (A, c) by:

= |l = DY, Al = p(U); za(w, p) = u(@), fal(ex))(w, 1) = fr,w({ei(w, 1)),
qa = 9(q) x Asg(X, D), pa((e:)) = {(w, p) = (ei(w, 1)) € praw}, Vea(b) =
Uweb, {{w, p) = plz/d] € by, for every d € D}, Oa(b) = U,,ep, {{w, ) = {" :
wR,w'} C by}

Of course, these are just examples of structures obtained in the fibred system.
Due to fullness, it should contain many others.

5 Conclusion

We have extended the restricted propositional-based setting of [6] to the fibring
of logics also admitting variables, terms and quantifiers. Along with the semantic
dimension provided by c-parchments, we have adopted an improved notion of
Hilbert-style calculus with explicit control of schema rule instantiations, follow-
ing [7,22]. Besides a detailed account of modal first-order logic as a fibring, we
have also reused the technique of fullness from [25] to provide a smooth gen-
eralization of the completeness preservation results of [6] to this more general
context. The techniques used include congruences and Lindenbaum-Tarski alge-
bras, together with assumptions on the existence of suitable logic constructors.

A word is due on the relationship between our work and Pawlowski’s [19].
Indeed, the context information provided by his inference systems presentations
can be seen as an alternative way to achieve the same kind of control over
schema rule instantiations, leading to a setting where schema variable substitu-
tions are restricted accordingly. Pawlowski’s approach is certainly more abstract
and systematic, namely in the sense that it tends to treat logical variables and
schema variables in a uniform way. However, his claim that, thanks to context
information, he can express and manipulate inference rules “without referring to
binding operators or requirements” is a little misleading. Context information
is certainly present in his framework from the very beginning, but his inference
rules are still decorated with additional relevant context information regarding
schema variables. This information is strongly related to our provisos. Of course,
the provisos seem to be more complex since they have to carry over on signa-
ture changes. However, this is due to the fact that all the context information
is placed exactly where we really need it: the inference rules. Moreover, note
that our provisos are sufficiently general to take into account the scope of modal
operators (c.f., Example 9). Binding operators like modalities, very different in
nature from quantifiers (namely on the absence of any explicit reference to logical
variables), seem to be a good challenge to Pawlowski’s notion of context, which
is directly built around variables. Last but not least, the incomplete deductive
system for first-order logic with equality that he obtains by combining first-order
logic and equational logic is certainly to be expected and does not contradict the
completeness preservation results presented herein. Note that, on the one hand,
equational logic does not come with an implication connective (thus barring the



application of Theorems 3 to 8), and on the other hand, fullness would require
considering also semantic structures for equational logic whose interpretation
of equality would not be the standard (also ruling out Theorem 2). In fact, we
could as well have mentioned this example to motivate the difficulties involved
in preserving completeness, and to stress the importance of obtaining non-trivial
sufficient conditions for completeness preservation as the ones we have presented.

Despite all the results obtained so far, the challenge of combining logics is still
far from over. Regarding fibring, specifically, one interesting line of research to
pursue is a comprehensive comparison to Diaconescu’s Grothendieck institutions
[8]. Another important subject that needs further investigation is the collapsing
problem. In this paper we have avoided the problem by making a careful use
of fullness. However, in general, fibring logics of very distinct nature can give
rise to trivialities. In [23] modulated fibring was presented as a first solution to
this problem, using adjunctions between orders on truth-values. Work already
in progress aims at solving the same problem using simpler machinery, via the
novel notion of cryptofibring. Other interesting lines of research require a deep
understanding of the process of algebraization of logics, putting in context the
notion of fullness and the role that it plays in the completeness results, bringing
us closer to the rich field of algebraic logic [4, 1]. We are also interested in studying
the representation of fibring in logical frameworks, by capitalizing on the theory
of general logics [15]. Finally, future work must also cover transfer results for
other relevant properties, like decidability, complexity or interpolation.
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