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Abstract

The logic of (commutative integral bounded) residuated lattices is known under
different names in the literature: monoidal logic [9], intuitionistic logic without con-
traction [1], Heck [13], etc. It is usually given, up to definitional equivalence, in the
language (V,A,*,—,—, 0,1). It was shown in [1] that this logic, denoted there by
IPC*\c, is algebraizable (the variety of residuated lattices is its equivalent algebraic
semantics) and that is the external deductive system associated to the Gentzen sys-
tem determined by the sequent calculus FLew [10, 12]. This logic is decidable [5].
The (—)-fragment and the (%, —)-fragment of this logic (i.e., the BCK-logic and the
POCRIM-logic) are also algebraizable and decidable [5].

This paper contains a summary of the results obtained in [6] about the (V, *, -, 0, 1)-
fragment and the (V, A, *,—,0, 1)-fragment of the logic of residuated lattices.

As regards the algebraic aspects of this study, we introduce the notion of pseudo-
complementation with respect to the monoidal operation * (see [3] in the case of
A). We then define two new classes of algebras: the class of commutative integral
bounded semilatticed pseudocomplemented monoids, denoted by CIBPM**, and the
class of commutative integral bounded latticed pseudocomplemented monoids, denoted
by CIBPM’. We show that these classes of algebras are varieties whose quasiequational
theories are decidable. Their members are exactly the subreducts of the variety of resid-
uated lattices, i.e., every CIBPM*‘-algebra and every CIBPM?-algebra is embeddable
into a residuated lattice.

As regards the logical aspects of this study, we introduce two sequent calculi:
FLew[V, *, 7] and FLew[V, A, *, —]. They are obtained from the well known contraction-
free calculus FLew (in the language (V, A, %, —,—,0, 1)) [12]. The former, FLew [V, *, 7],
is obtained by deleting the rules of additive conjunction A and implication — from
FLew. And FLew[V, A, %, ] results from deleting the rules of implication — from
FLew. It can be shown that CIBPM® ((C]HB%]P)ME) is the equivalent variety seman-
tics [14, 8] of the intuitionistic Gentzen system associated to the sequent calculi
FLow|[V, %, 7] (FLew [V, A, %,7]). As a consequence, we have that the variety CIBPM®*
((C]HBIP’MZ) is an algebraic semantics, with defining equation p = 1, for the external de-
ductive system Se[V, *, =] (Se[V, A, %, —]) associated to FLew[V, %, 7] (FLew [V, A, *, ).



Moreover, we show a generalization of [11, Corollary 9]: Sc[V,*, =] (Se[V, A, *,-]) is
the (V, %, =, 0, 1)-fragment ((V, A, %, =, 0, 1)-fragment) of the logic of residuated lattices.
We show that Sc[V, *, 0] and Sc[V, A, x, ] are decidable. We also show that S.[V, *, ]
and S.[V, A, %, -] are not protoalgebraic [4, 7], so they are not algebrizable and also
there is no definable implication connective for them.

1 Preliminary concepts

In this section we recall some concepts and results about Gentzen systems and the alge-
braization of these systems which will be used in this paper (for more information see [14],

[15], [8])-

1.1 Gentzen systems

Let £ be a propositional language. We will denote by Fm, the set of L-formulas and
by Fm, the algebra of L-formulas. Let a and § be some subsets of the set w of natural
numbers. A L-sequent of type (c, 3) is a pair (I', A) of finite sequences of L-formulas such
that the length of T' belongs to a and the length of A belongs to §, that is, (T',A) €
Fm7? x Fm? for some m € a and n € 5. We will write I' = A instead of (I', A). We will
denote by Seq(ﬁa’ﬁ) the set of L-sequents of type («a, 3).

A consequence relation F¢g on the set S eq(ca’ﬁ ) is said to be invariant under substitutions

if, for every h € Hom(Fmg, Fmg),
{T;,=A;:ie€l}FgT = Aimplies {h(T; = A;):i€l}Fgh(T=A),
where h(po, ..., om—1 = ®o,...,¥n_1) stands for hyg, ..., hom—_1 = hig, ..., hb,_1.
A GENTZEN SYSTEM OF TYPE (o, 3) is a pair G = (£, Fg) where ¢ is a relation which
is finitary and invariant under substitutions on the set Seq(ﬁa’ﬁ). FTU{T=AII=A}C
Seq'®? | we will write T,T = A g I = A for TU{T' = A} b T1 = A.

We will say that two sequents I' = A and Il = A are G-equivalent and we will write
I's AdgII = Aifit holdsthat ' = AFg Il = Aand Il == Atg ' = A. A sequent
I'=Ac Seq(ﬁa’ﬁ) is G-derivable if § g T = A.

Clearly, a deductive system S can be seen as a Gentzen system Gs of type ({0}, {1}), if
we identify a formula ¢ with the sequent (§ = . Furthermore, if K is a class of algebras such
that the equational consequence relation determined by K is finitary, then Sx = (£, k)
will be considered as a Gentzen system Gg of type ({1},{1}), if we identify an equation
p ~ 1 with the sequent ¢ = .

1.2 Fragments

Let G be a Gentzen system of type (o, 3) and let £’ be a sublanguage of £. The L'-fragment
of G is the Gentzen system G’ = (L' F¢g/) of type (o, 3) defined by:

The T =AM THgT = A, for all TU{T = A} C Seq!S”.
Let o/ Caand 8’ C 5. The (¢, 8')-fragment de G is the Gentzen system G’ = (L, Fg/)
of type («/, 5) defined by:

Tl—g/F@AiﬁTl—gFiA,forallTu{FéA}gSquX’ﬁ).



1.3 Sequent calculus

An (L, («, 8))-sequent calculus is a set of (L, (o, 8))-rules. Every (L, (o, 8))-sequent calculus
LX determines a Gentzen system Grx = (L, x) of type (o, 8) in the following way:

Let TU{I'= A} C Seq(ca’ﬁ). We will say that I' = A is deduced from T in the
Gentzen system G x and we will write T Fpx I’ = A iff there is a finite sequence of
L-sequents Tg = Ag,...,T—1 = A,—1 (which is called a proof of I' = A from T') such
that T',,_1 = A,,—1 =T = A and for each i < n one of the following conditions holds:

(i) T;= A, is an instance of an axiom of LX;
(ii) I'i= A, eT;

T
(i) TI'; = A, is obtained from {I'; = A; : j < i} by using arule r of LX, i. e., T oA €
i i

r for some T C {T'; = A; : j < i}.

In this case we will say that Grx is the Gentzen system determined by the sequent
calculus LX. Note that we use the rules of the calculus to obtain sequents from sets of
sequents (and so not only from the empty set).

1.4 Equivalence of Gentzen systems

From now on let G; and Go be Gentzen systems over the same language £ of type (a1, 1)
and (ag, B2) respectively. A ((a1, (1), (a2, B2))-translation is a set

T = {T(myn) :mEal,nEﬁl},

where every 7(,, ») is a finite set of sequents Seq(ﬁaz”BZ) in m + n variables pg,...,Pm_1,
40, - --sqn—1 (at most) if (m,n) # (0,0), and in one variable py (at most) if (m,n) = (0, 0).

Given I' = A = (po,. .., 0m-1) = (Wo,...,¥p_1) € Seq(ﬁal’ﬁl), we will write 7(T" =

A) = T(m,n) (' = A), the result of replacing the variable p; by ¢;, i < m, and the variable

qj by ¥j, j < n, in every sequent of 7, ). If 0 = 0 € AS'eq(LO”’Bl)7 we will write 7 () = () =

T(0,0) (Po). f T C Seq(cal’ﬁl), 7(T) will denote the set U{7 (' = A):T'= A € T}.

We say that G; and Gy are equivalent if there is a translation 7 of the set of sequents

Seq(ﬁal”gl) in the set of sequents Seqéaz”m) and a translation p of the set of sequents
Seq(ﬁ(w’&) in the set of sequents Seq(ﬁal’ﬁl), such that

(i) THg, T = Aiff 7(T) bg, 7(I' = A) for all TU{T' = A} C Seq!™ ™).
(i) Trg, T' = Aiff p(T) Fg, p(T'= A) for all TU{T = A} C Seql™>™).
(iii) T = A 4, 7p(I' = A) forall T = A € Seq\™>.

(iv) T= A g, pr(I'=A) forallT = A € Seq™ ™).

In fact this definition is redundant because (i) and (iii) are equivalent to (ii) and (iv)
(see [15, Proposition 2.1]).



1.5 Algebraization of Gentzen systems

Let K be a class of algebras. We will denote by Sk the equational system associated
with K. Gentzen system G is said to be ALGEBRAIZABLE WITH EQUIVALENT ALGEBRAIC
SEMANTICS K if G and Sk are equivalent as Gentzen systems.

If K is an equivalent algebraic semantics for a Gentzen system G, then so is the quasiva-
riety K9 generated by K [15, Corollary 2.2]. Moreover, if K are K’ are equivalent algebraic
semantics for G, then K and K’ generates the same quasivariety [15, Corollary 2.4]. This
quasivariety is called THE EQUIVALENT QUASIVARIETY SEMANTICS for G.

2 The calculi FLeywc, FLew, FLow [V, %, 7], FLew[V, A, %, 7]

In this section we recall the definition of the sequent calculi (cut free) FLewe and FLgy, (Ct.
[10], [12]) in the language £ = {V, A, *,—,—,0,1} and we define the calculi FLey [V, *, =]
and FLeyw [V, A, *, =] obtained by restriction of the calculus FLey, to the languages {V, *,—,0,1}
and {V, A, *,—,0,1} respectively.

Definition 2.1. Let £ = {V,A,*,—,—,0,1} be a propositional language of type (2, 2, 2,
2,1, 0, 0). Let p,v be L-formulas; T, I, Y finite sequences (possibly empty) of L-formulas
and A a sequence of at most one formula. Flewce is the calculus of L-sequents of type
(w,{0,1}) defined by the following azioms and rules:

Azioms::
o=¢ (Aziom 1) 0=0 (Aziom 2) 0=1 (Aziom 3)

Structural rules::

Cut: r S oo A
j <p ?<)07 ?
0,00 = A (Cut)
FExchange:
Lo, Ill= A
Fpl=a )
Weakening:
YT =A (w =) =190 (= w)
S, = A I'=oyp
Contraction: 5 oA
7<)O7 @7 :>
yoTosa ()
Rules of introduction of connectives:
oo, = A >, = A '=9p =4y
V=) — T (=vV =V
S,oVvey, L= A (V=) L=V (= Vi) L= oV (= Va)
Yoo, = A >, 0= A I'= I'=
d (=) v (he =) d Y=

S;p Ay, I'= A S, AN, I'= A



Z?SD?,(/J?F:A F:>§0 H:>'(/J

S0 ToA ) ooy %
I'=op S0, 11 = A p, [ =1
S ooolldsa ) Topog 07
=y o, I'=10
-, =0 (==) I'= —p (=)

Definition 2.2. FLe,, is the calculus of L-sequents of type (w,{0,1}) obtained from FLewe
by deleting the rule (c =).

Theorem 2.3 (10, Theorem 6]). Cut elimination holds for FLewe and FLey .

Definition 2.4. The calculus obtained by deleting from FLeyw the rules of introduction

of the additive conjunction and the implication will be denoted by FLew[V,*, ]!, and the
calculus obtained by deleting from FLeyw the rules for the implication will be denoted by
FLew|[V, A, %, 7. The Gentzen systems associated to the calculi FLew [V, *, ] and FLew [V, A, *, 7]
will be denoted by Grr.,, v -] Nd GFLe,[v,A%,—]; TeSpectively.

Theorem 2.5. FLew [V, *, -] and FLew[V, A, %, 1| satisfy the cut elimination theorem.

—— Xk
3 Equivalence between Gpr,_ , the deductive system I PC \c
and the variety of residuated lattices
In this section we will define the deductive system IPC *\c. It is easy to see that this system

is definitionally equivalent to IPC*\c [1], Hpck [13] and ML [9]. We will also state the
algebraization of the Gentzen system Ggr,_,, -

Definition 3.1. @*\C is the deductive system in the language £ = {V, A, *,—,—,0, 1}
of type (2, 2, 2, 2, 1, 0, 0), defined by the Modus Ponens rule and the following azioms:

(A1) p — 1

(A2) (¢ = ¥) = (v = @) = (v = ¥)) (B)
(A3) (¢ = (W =) = (¥ = (¢ = 7)) (@)
(A4) o — (¥ — o) (K)

(A5) (e NY) — ¢

(A6) (p ANY) — ¢

(A7) o — (¥ = (p AY))

(A8) (v = @) A (v =) = (v = (e A1)
(A9) ¥ — (¢ V)

11t would be more accurate to talk about FLew[V, %,—,0,1] because this is the language where this
calculus is given, but for the sake of simplicity we will not do so.




(A10) o — (V)
(A11) (¢ =) = (¥ =) = (e V) = 7))
(A12) ¢ — (¥ — (¢ * 1))
(A13) (¢ — (Y — 7)) = ((p* ¥) =)
(A14) 0 — ¢
(A15) —~p = (¢ — V)
(A16) (¢ = ) = (7 — ~p)
(A17) ¢ — =g
Let us recall the definition of residuated lattice:

Definition 3.2. The class R, of COMMUTATIVE INTEGRAL BOUNDED RESIDUATED LAT-
TICE, or RESIDUATED LATTICE for short, is the class of algebras A = (A, V, A, *,—,—,0,1)
of type (2,2,2,2,1,0,0) satisfying the following conditions:

1. (A, V,A,0,1) is a bounded lattice with minimum element 0 and mazimum element 1,
2. (A, *,1) is a commutative monoid,

3. VabeA a—-b=mar{ce A:axc<b} (ie. xxz2<y & z<z—y)

4. Ya € A, ~a = —a — 0.

It is well known that RL is a variety. It was proved in [1, Theorem 22| that Gy -\, and
IPC*\c are equivalent and it was also proved in [1, Theorem 22| that the Gentzen system
Gr.y*\c is algebraizable with equivalent algebraic semantics the variety of residuated lattices.

As GrL,,, and ﬁ*\c are essentially equivalent to G j-\. and IPC*\c, respectively, we
have the following results:

Theorem 3.3. gL, and I/PE'*\C are equivalent, with the translations T from GgL.,, to
IPC \c and p from IPC \¢ to GrL,,, defined as follows:

Po — (pl — ( e (pm71 — qo)))7 if m Z 1

T(m,1) (P05 -+, Pm—1 = Qo) =
qo, ifm=0

po— (p1 = (.. = (Pm—1 —0)...)), ifm>1
T(myo)(po, s Pm—1 = 0) =
0, ifm=0
p(po) = {0 = po}.
That is, the following conditions are satisfied:

(t) For every XU {¢} C Fmg, X F@*\C v iff {p(o):0€X} Frr., p(p).

(13) For everyT' = A € Seq(ﬁw’{o’l}), I'=A dtpr,, pr(I'=A).



Theorem 3.4. Ggr,_,, is algebraizable with equivalent variety semantics the variety RIL with
translations T from GrL,,, to SrL (the equational system associated to RL) and p from Sgr
to GrL.,, defined as follows:.

po— (p1 = (. = (Pm-1 = @)-)) = 1, ifm=>1
T(m71)(p07 s Pm—1 = Qo) =
qo ~ 1, if m=0

po— (p1 — (.. & (Pm—1—0)..)) =1, ifm>1

T(m,0) (P05 s Pm—1 = 0) =
0~1, ifm=0

p(po =~ p1) = {po = p1;p1 = po}

Note 3.5. Observe that since in RIL the following holds
o (zoxxy*...xxy) mycxzo— (11— (.. = (2 —y)...))
e zVyry iff z<y iff z—oy=1,

then in Theorem 3.4 we could take the following translations:

T(m71)(po, w3y Pm—1 = QO) = {((Po *Pp1 k... *pm—1) \ qO) ~ qO}
T(m,0) (P05 -+, Pm—1 = 0) = {po * p1 * ... ¥ pm—1 = 0}.

4 The varieties CIBPM?** and CIBPM’

In this section we study the class of commutative integral bounded semilatticed pseudo-
complemented monoids ((C]IIB%IP’MSK for short) and the class of commutative integral bounded
semilatticed pseudocomplemented monoids ((C]IIB%IP’MZ for short). We introduce the notion of
pseudocomplement applied to the operation * of the commutative integral bounded semilat-
ticed monoids. This notion is a generalization of the concept of pseudocomplement defined
traditionally in the context of the bounded distributive lattices (see for instance [3]).

Definition 4.1. A COMMUTATIVE SEMILATTICED MONOID (commutative sf-monoid for
short) is an algebra A = (A, V,x,1) of type (2,2,0) such that:

1. (A, V) is a semilattice,
2. (A, x,1) is a commutative monoid,
3. AE(zVy)xz= (z*2)V (y*2).

A COMMUTATIVE LATTICED MONOID (commutative {-monoid for short) is an algebra
A= {(A,V,A,*,1) of type (2,2,2,0) such that (A,V,A) is a lattice and such that (A, V,*,1)
is a commutative st-monoid.

Definition 4.2. An algebra A= (A, V,*,0,1) of type (2,2,0,0) is @ COMMUTATIVE INTE-
GRAL BOUNDED s/-MONOID if the following conditions are satisfied:

1. (A, V,%,1) is a commutative sf-monoid,
2. AEOVz =z (ie 0<a),
3. AFazvlimxl (ie z<1)



An algebra A = (A, V, A, %,0,1) of type (2,2,2,0,0) is a COMMUTATIVE INTEGRAL BOUNDED
£-MONOID if (A, V,A) is a lattice and (A,V,*,0,1) is a commutative integral bounded st-
monoid.

We will denote by CIBM** the class of commutative integral bounded sf-monoids and
by CIBM the class of commutative integral bounded ¢-monoids. Obviously these classes
of algebras are varieties. The variety of bounded distributive lattices, BDL for short, is the
subvariety of CIBM?** defined by the equation z * z ~ z.

Theorem 4.3. The variety BDL of bounded distributive lattices is the subvariety of CIBM®
defined by the equation x * x =~ x.

Next we will introduce the notion of pseudocomplement with respect to the monoidal
operation of A € CIBM?** or A € CIBM’. This notion is a generalization of the notion
of pseudocomplement in the context of meet-semilattices. Let us recall this definition for
distributive lattices with minimum:

Definition 4.4. [3, Definition 1, p. 152] Let A = (A,A,V,0) be a distributive lattice
with minimum element 0. An element a € A is called PSEUDOCOMPLEMENTED if the
set {b € A:aAnb =0} has a mazimum. In this case this mazimum is denoted by —a
and 1is called the PSEUDOCOMPLEMENT of a. A PSEUDOCOMPLEMENTED DISTRIBUTIVE
LATTICE is a distributive lattice with minimum element 0 in which every element has a
pseudocomplement.

Let us recall that if A is a pseudocomplemented distributive lattice, then a < —0 for all
a € A, so A has a maximum element 1 = =0. Hence we can define the class of pseudocom-
plemented distributive lattices, which we denote by PDL, in the language {V, A, —,0,1}.

Definition 4.5. Let A € {s{,¢} and A € CIBM"*. An element a € A is called *-
PSEUDOCOMPLEMENTED if the set {b € A : axb = 0} has a mazimum with respect to
the order of the semilattice. In this case this mazimum is denoted by —a and is called the
*-PSEUDOCOMPLEMENT Of a.

Definition 4.6. The class of COMMUTATIVE INTEGRAL BOUNDED PSEUDOCOMPLEMENTED
A-MONOIDS, CIBPM? for short, is the class of algebras B = (A, =) such that:

1. A e CiBM?

2. For every a € A, ma = maz {b:axb=0}

Obviously the classes CIBPM** and CIBPM are quasivarieties and in fact they are also
varieties. We thank Roberto Cignoli for his personal communication stating this result.

Theorem 4.7. The class CIBPM** is the equational class of algebras A = (A, V,*,—,0,1)
of type (2,2,1,0,0) satisfying the following equations:

(1) The set of equations defining the commutative integral bounded s-monoids.
(2) =1 = 0.
(3) =0~ 1.

(4) (xx=(y*z))V -y =-y.



As an immediate consequence of Theorem 4.7 we obtain an equational definition of the
class CIBPM®.

Theorem 4.8. The class CIBPM is the equational class of algebras A = (A, V, A, *,—,0,1)
of type (2,2,2,1,0,0) satisfying the set of equations defining the commutative integral bounded
¢-monoids and the equations (2), (3) and (4) in Theorem 4.7.

In the next result we characterize the variety of pseudocomplemented distributive lattices
as a subvariety of CIBPM?*’.

Theorem 4.9. The variety PDL of pseudocomplemented distributive lattices can be defined
as the subvariety of CIBPM®*® defined by the equation x * x ~ x.

It is well known that every pseudocomplemented distributive lattice is isomorphic to a
subreduct of a Heyting algebra [4, Proof of Theorem 2.6]. The following two theorems are
generalizations of this result.

Theorem 4.10. Every CIBPM*-algebra is embeddable into a complete residuated lattice.
Thus, the class CIBPM* is the closure under isomorphism and subalgebras of the class
of algebras {A: A= (A,V,*,—,0,1) and there are operations N\, — such that (A,V, A\, *, —
,—,0,1) € RL}.

Theorem 4.11. FEwvery C]HB%]P’MZ—algebm is embeddable into a complete residuated lattice.
Therefore, the class CIBPM is the closure under isomorphism and subalgebras of the class of
algebras {A : A= (A, V,\,%,7,0,1) and there is an operation — such that (A,V, A, *, —
,—,0,1) € RL}.

The following theorem concerns decidability.
Theorem 4.12. The quasiequational theories of CIBPM** and CIBPM' are decidable.

We also show that CIBPM*‘ and CIBPM' are not the equivalent algebraic semantics of
any deductive system.

Theorem 4.13. Let A € {sl,{}. Let Fcppyr be the equational consequence relation deter-
mined by CIBPM™. Then Scppwp> = (£, Fcmpup ) s not the equivalent algebraic semantics
of any deductive system.

5 Algebraization of the Gentzen systems determined
by the sequent calculi FLgy[V, *] and FLew [V, A, %]

In the following result we show the equivalence between Gpr_, |v,«,~] and Scppyse as
Gentzen systems (see Section 1.5) by means of the translations 7 and p defined in Theorem
3.4 but writing 7 in the form considered in Note 3.5. That is, we show the algebraization
of gFLew[v,*,ﬁy

Theorem 5.1. The Gentzen system Gpr,,[v,«,~ determined by FLew[V, *, | is algebraiz-
able, with equivalent algebraic semantics the variety CIBPM**, with translations T from
OFLew(v.5~] t0 Scmppys¢ and p from Scgprgst 10 G,y [v,«,—) defined as follows:

(Po * - * Pm—1) V qo ® qo, if m>1
T(m,1) (P05 -y Pm—1 = Qo) =
1~ qo, ifm=20



T(WLO)(pO? wyPm—1 = @) =

p(po = p1) = {pPo = p1,p1 = Do}

We also show that the result obtained in [15] (see also [14]) stating that the variety
of pseudocomplemented distributive lattices is the equivalent algebraic semantics of the
Gentzen system determined by the calculus obtained by deleting the implication rules from
LJ (this Gentzen system is essentially the same as Gpr,,[v,«~]) can be easily obtained
from Theorem 5.1.

Theorem 5.2. The Gentzen system Gy, [v,«—] determined by the calculus FLewc[V, *, 7]
is algebraizable, with equivalent algebraic semantics the variety PDL, with the translations
T from gFLewc[V,*,ﬂ} to Sppr, and p from Sppr to gFLewc[\/;*;_‘] defined in Theorem 5.1.

We also have that the variety CIBPM’ is the equivalent algebraic semantics of the
Gentzen system Gpr,,,, [v,A,,—]-

Theorem 5.3. The Gentzen system Gpp,,[v,a,x,—] @S algebraizable and the variety CIBPM!
is its equivalent algebraic semantics, with the translations T from Gyr,,[v,A«,~] 10 Scmpme
and p from Scippyge 10 GFLey v A%, defined in Theorem 5.1.

To finalize this section we will state two straightforward consequences of the algebraiza-
tion of Gpr,,, [v,%,-] and Gpr,,[v,A,%,—]- The first one concerns the contraction rule.

Theorem 5.4. The contraction rule is not admissible in Gpr,_,, V%, and gFLew[V,A,*,ﬁy

The second consequence concerns the impossibility of obtaining equivalent Hilbert-style
formulations of the Gentzen systems Ggr,,, [v,,—~] and Grr_,[v,A,%-]- Using Theorem 4.13
and the algebraization results we obtain:

Theorem 5.5. The Gentzen systems Gpi,,,[v,«~] nd GFLe,[v,Ax,—~] @re not equivalent to
any deductive system.

6 The external deductive systems associated to Ggr,, v« |
and Gpr,, [v.x ]

In this section we study the external deductive systems associated to the Gentzen systems
GFLow[v,x,—] a0d GrL,[v,A,«,~ denoted here by S.[V,*, -] and Sc[V, A, *, -], respectively,
and we study their position in the Abstract Algebraic Logic hierarchy. First let us recall
the definition of external deductive system associated to a Gentzen system.

Definition 6.1. The EXTERNAL DEDUCTIVE SYSTEM? associated to a Gentzen system G
of type (o, B), with 0 € a and 1 € B3, is the deductive system S.(G) = (Fme, ks, ()
defined in the following way: for all XU {p} C Fme, kg, (g) ¢ iff there is a finite subset
{01,y on} CX such that 0 = @1,...,0 = o, g 0 = .

To show that Sc[V,*, ] and S.[V, A, *, -] are fragments of Pc” \¢ we show first that

— %

IPC \c is the external deductive system of FLey, and using this result, the algebraization
theorems and the results about subreducts, we show that the Gentzen systems Gpy,,, [v,«,-]
and g1, [v,A,%,- are fragments of Gpr,, -

2We use the name extern for this deductive system following A.Avron (see for instance [2]).
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Lemma 6.2. ﬁ*\c is the external deductive system of Ggri,,, -

Lemma 6.3. Ggr_,[v,«,~] s the {V, *, 7,0, 1}-fragment of Gev,,, , that is, if L = {V,*,—,0,1}
and TU{T' = A} C Seq(ﬁw’{o’l}), then:

T FFLew I'=A Zﬁ T FFLew[v,*,ﬁ] I'= A.
Lemma 6.4. Gpr,_, [v,A+- 95 the {V, A, %, 7,0, 1}-fragment of Grr,,, - a
Using the two last results we prove that S.[V,*, ] and S.[V, A, *, -] are fragments of

IPC \e.
Theorem 6.5. For all ¥ U {¢} C Fmyy . 0,1}, we have that

Ehrpere ¥ Wl B s v @
Theorem 6.6. For all ¥ U {¢} € Fmyy s« -013we have that

Yhmpene ¥ W EFs v ¢

Let us denote by IPCyy « - 0,1y the implication-less fragment of the intuitionistic propo-
sitional logic (we use the symbol * to the additive conjunction). We prove that S,[V,*, -],

the fragment without conjunction and without implication of PC \¢, is a proper subsystem
of IPC{V’*’ﬂ’O’l}.

Theorem 6.7. S.[V,*,7| C IPCyy - 013}

Let us denote by IPCY, . .y the implication-less fragment of the intuitionistic
propositional logic (with * = A). We then obtain the following:

Theorem 6.8. Sc[V, A, %, =] S IPCY, | _ o4y ]

Finally we will explain the position of our deductive systems in the Abstract Alge-
braic Logic hierarchy. As an immediate consequence of Theorem 5.5, we have that the
varieties CIBPM** and CIBPM’ cannot be the equivalent algebraic semantics of Se[V, *,
and S.[V, A, %, | respectively. In fact we prove that these external systems are not proto-
algebraic. Recall that a deductive system S is protoalgebraic if the Leibnitz operator €2 is
monotonic on the set of S-theories (see for example [7]). This condition is equivalent to the
fact that there is a set of formulas P(p, ) (in two variables at most) such that:

0 l_S P(pap)v (Reﬂex1v1ty)
{p} UP(p,q) Fs q, (Modus Ponens)

As a consequence, if S is not protoalgebraic, there is no defined binary connective — such
that:

DFsp—p, (Identity)
p,p — qFsq, (Modus Ponens).

Theorem 6.9. Neither the deductive system Sc[V, x, | nor Se[V, A, *, -] are protoalgebraic.

So these two deductive systems are not algebraizable. Nevertheless it can be seen that
the algebraization results for our Gentzen systems give the following completeness state-
ments:

11



Theorem 6.10. The variety CIBPM®* is an algebraic semantics for S, [V, %, 0] with defining
equation p ~ 1.

Theorem 6.11. The variety CIBPM’ is an algebraic semantics for S.[V, A, *, =] with defin-
ing equation p ~ 1.

From these results and the decidability of the quasivarieties CIBPM*¢ and CIBPM?’
(Theorem 4.12) we obtain the following:

Theorem 6.12. S.[V,*, ] and S.[V, A, *,-| are decidable.

Acknowledgements

The authors thank Roberto Cignoli for his personal communication stating Theorem
4.7 and Francesc Esteva for his suggestions. This study is partially supported by Grant
BFM2001-3329 from the Spanish DGES and Grant 2001SGR-00017 from the Generalitat
de Catalunya.

References

[1] ADILLON, R., AND VERDU, V. On a contraction-less intuitionistic propositional logic

with conjunction and fusion. Studia Logica, Special Issue on Abstract Algebraic Logic
65, 1 (2000), 11-30.

[2] AVRON, A. The semantics and proof theory of linear logic. Theoretical Computer
Science 570 (1988), 161-184.

[3] BALBES, R., AND DWINGER, P. Distributive lattices. University of Missouri Press,
Columbia (Missouri), 1974.

[4] BLok, W. J., AND P1cozz1, D. Algebraizable logics, vol. 396 of Mem. Amer. Math.
Soc. A.M.S., Providence, January 1989.

[5] BLok, W. J., AND VAN ALTEN, C. J. The finite embeddability property for residuated
lattices, pocrims and BCK-algebras. Algebra Universalis 48, 3 (2002), 253-271.

[6] Bou, F., GARCiA-CERDANYA, A., AND VERDU, V. Analysis of two fragments with
negation and without implication of the logic of residuated lattices. Manuscript, 2003.

[7] CZELAKOWSKI, J. Protoalgebraic logics, vol. 10 of Trends in Logic—Studia Logica
Library. Kluwer Academic Publishers, Dordrecht, 2001.

[8] GiL, A. J., TORRENS, A., AND VERDU, V. On Gentzen systems associated with the
finite linear MV-algebras. Journal of Logic and Computation 7, 4 (1997), 473-500.

[9) HOHLE, U. Commutative, residuated [-monoids. In Non-classical logics and their
applications to fuzzy subsets (Linz, 1992), U. Hohle and E. P. Klement, Eds., vol. 32
of Theory Decis. Lib. Ser. B Math. Statist. Methods. Kluwer Acad. Publ., Dordrecht,
1995, pp. 53-106.

[10] ONoO, H. Proof-theoretic methods for nonclassical logic - an introduction. In Theories
of Types and Proofs, M. Takahashi, M. Okada, and M. Dezani-Ciancaglini, Eds., MSJ
Memoirs 2. Mathematical Society of Japan, 1998, pp. 207-254.

12



[11]

[12]

[13]

[14]

[15]

ONO, H. Closure operators and complete embeddings of residuated lattices. Studia
Logica 74, 3 (2003), 427-440.

ONO, H. Substructural logics and residuated lattices - an introduction. In 50 Years of
Studia Logica, V. F. Hendricks and J. Malinowski, Eds., vol. 21 of Trends in Logic—
Studia Logica Library. Dordrecht, 2003, pp. 193-228.

Ono, H., AND KoMORI, Y. Logics without the contraction rule. The Journal of
Symbolic Logic 50, 1 (1985), 169-201.

REBAGLIATO, J., AND VERDU, V. On the algebraization of some Gentzen systems.

Fundamenta Informaticae, Special Issue on Algebraic Logic and its Applications 18
(1993), 319-338.

REBAGLIATO, J., AND VERDU, V. Algebraizable Gentzen systems and the deduc-
tion theorem for Gentzen systems. Mathematics Preprint Series 175, University of
Barcelona, June 1995.

13



