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Abstract.
We defineabstractnodalsemanticaisinginstitutions.Modalitiescanthenbe generatedver awide variety of logics.
Usingtoolsfrom institution-independennodeltheorywe statea preserationresultfor themodalsatishction.

1. Introduction

Institutions (Goguenand Burstall, 1992) formalize the intuitive notion of logical system,using
conceptsrom category theory Their initial goalwas”to do as much computingscienceas pos-
sible” independentlyf whatthe underlyinglogic may be. Recently this ‘institution-indepedent’
approactHound applicationsn modeltheory(Diaconescu2003;Diaconescu2004b;Diaconescu,
2004a).Basedon the internallogic of (Diaconescu2003) wherelogical connecties and quan-
tifiers can be developedinternally to ary institution, our paperintroducesa Kripke semantics
(Kripke, 1959;Goldblatt,1993)atthelevel of arbitraryinstitutions.Also, we developafundamental
preseration result,namelythat eachmodal sentences presered by ultraproductsof frames.For
knowledgeon institution-indepedert ultraproductghe readershouldconsult(Diaconescu2003).

This papergivesonly the basicdefinitionsandresults the missingproofs,examplesandmore
discussioncan be found in (Diaconescuand Stefaneas2003). Our notationand terminology of
categyory and institution theory is consistentto that of (Diaconescu2003; Diaconescu2004b;
Diaconescu2004a).

2. Possibleworlds semanticsin arbitrary institutions

DEFINITION 1. Assumeaninstitutionmorphism
(®? ab,B%): (Sign,SenMob, =) — (Sigr?, Se*, Mop?, =) from a ‘base’institutionto a ‘do-
main’ institution. Givenasignature> in Sign, a >-frame(W, R) consistof

— afamily of Z-modelsW: Iy — |MoD(Z)| suchthat sharing condition B2(W') = B&(W')
holdsfor eachi,i’ € Iy, and
— anbinaryaccesibilityrelationR ontheindex setlyy.

A 3-framehomomorphisnihV,h'): (W,R) — (W',R) consistsof

— afunctionh' : Iy — Iy betweertheindex setswhichis arelationhomomorphismi,e. (i, j) €
Rimplies(h'(i),h'(j)) € R, and
— anaturaltransformatiom : W = h'; W' suchthatB2((h")') = B&((hW)") for eachi, i’ € Iw.

For eachK € {T,$4,S5}, the Z-framesand their homomorphismgorm a cateyory denoted
KA-Mob(Z). O

In the actualexamplesvariousframe conceptscorrespondo variouslevel of sharingobtained
by varying the domaininstitution. For example,in the framework of first orderlogic, the most
corventionalcaserealisingtheidesthatvaluationsn eachframeinterpretuniformly the(first order)
variablesjs obtainedvhenthedomainsignaturesiresetsof sortsymbolsplusconstantieclarations.
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DEFINITION 2. Givena signaturemorphism¢: X — %', each¥'-frame (W',R’) canbereduced
to the =-frame (W'; MobD(¢),R). Similarly, eachframehomomorphisn{h", h') canbereducedo
(hYMob(9),h'). Thisdefinesaframemodelfunctork®-Mob: Sign®® — Cat. O

Thedefinitionbelow extendstheinternallogic of (Diaconescu2003)with modalities.

DEFINITION 3. Given ary institution (Sign, SenMob, |=), a functor M-Sen Sign — Set is a
modalsentencdunctorover Serwhen

— for eachsignatureZ, eachsentencen M-Ser{Z) can be obtainedfrom the sentence®f
Ser(Z) by iterative applicationof
e usuallogical connectres(i.e. conjunction disjunction,negation,implication, etc.),
e modal(unary)connecties(i.e. necessity_, possibility <),
e universalor existentialquantificatioralongsignaturenorphismsi.e. (Vx)p isaZ-sentendg
whenp is aXj-sentencandy: ~ — 23 is asignaturemorphism.

— for eachsignaturemorphismg: ~ — 2,

o M-Ser{g)(p) = Ser(9)(p) whenp € Ser(Z),

e  M-Ser{g)(p1Ap2) = M-Ser{g)(p1) A M-Serig)(p2); similarly for otherlogical connec-
tives,

o M-Ser{g)(Op) = O(M-Sert)(p)); similarly for <, and
o M-Ser{g)((Vx)p) = (VX')M-Ser{¢1) (p) where

s— 2 oy

{ K

> ——> 23
1 o 1

is a pushoutf signaturessimilarly for existentialquantification.

O

DEFINITION 4. Given a signatureZ, for eachz-frame (W,R) and eachmodal sentencep €
M- SertZ) we definethesatisfactiorof p in (W, R) atthepossibleworldi € Iy, denotedW,R) =' p

by
— (W,R) =/ pif andonly if W' = p whenp € Ser{%),
— (W,R) =" p1Ap2 if andonly if (W,R) ' p1 and (W,R) =" p,; similarly for otherlogical
connecties,
— (W,R) ' Op if andonly if (W,R) |=/ p for each(i, j) € R, and
— (W,R) &' (vX)p if andonlyif (W',R) |=' p for eachexpansionW’, R) of (W, R) alongy.

For eachz-frame (W, R) andeachZz-modalsentence, then(W,R) satisfiesp, denotedW, R) =p,
if andonly if (W,R) =' p ateachpossibleworldi € ly. O

THEOREM1. Assumethatboththebaseinstitutionandthe domaininstitutionaresemi-eactand
thatthe mappingbetweertheir catayoriesof signaturepresere pushouts.

Thenfor ary modalsentencéunctorM- Senover Sen andfor eachK € {T,$4, 5},
(Sign, M-SenK2-Mob, ) is aninstitution.O
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3. Reduced products of frames

Let (d2,0%,B%): (Sign,SenMob, =) — (Sigrf, Set, Mop?, |=2) be an institution morphism
from abaseinstitutionto a domaininstitution suchthat

EB. thebaseinstitution (Sign, SenMobD, |=) is semi-&act,

ED. thedomaininstitution (Sigrf*, Ser?, Mop?, =2) is semi-eact,

ET. ®2: Sign— Sigr* preserespushoutsand

RP for eachsignatureX thecategyory of Z-modelsM oD (Z) hassmallproductsanddirectedcolim-
its andP2 preseresthem.

LI. for ary signatureZ, B2 lifts isomorphismsi.e. if B2(M) is isomorphicto N’ thereexists N
isomorphicto M suchthatN’ = B2(N).

In theactualexamplesthe conditions[EB.], [ED.], and[ET.] asvery easywhile the condition[LI.]
is almosttrivial. Condition[RP] is alsovery easybeingvery similar to the preseration of reduced
productsby modelreductscorrespondingo signaturanorphismsn aninstitution.

PROPOSITION1. For eachK € {T,$4,55} andfor eachsignatureZ, the cateyory of frames
KA-Mob(Z) hasreducedproducts 0

Let (Sign, M-SenK”-Mop, )2) beamodalinstitution over theinstitutionmorphism
(@, 02,B%): (Sign,SenMop, =) — (Sigrt, Set, Mop?, |=2) satisfying the conditions[EB.],
[ED.], [ET.], [RP], and[LL].

DEFINITION 5. Let ¥ beaclassof filters. For asignature>, amodalsentence is

— modallypreservedy ¥ -reducedactors whenfor eachi € Iy, [Tr(W,R) = (W, Re) Ep
implies“thereexistsJ € F andk € p3(i) suchthat(W;,R;) =X p for eachj € J”, and
— modally preservedby ¥ -reducedproductswhenfor eachi € Iy, “there exists J € F and
ke ujl(i) suchthat (W, R;) =k p for eachj € J” implies Me(W,R) = (W:,Re) ='p.

for eachfilter F € ¥ overasetl andfor eachfamily {(W,R) }iei of Z-frames.C

The following modal fundamentalultraproductsheoremrepresent& modal extensionof the
mainresultof (Diaconescu2003).

THEOREM2. Forany modalinstitution(Sign M-SenK2-Mob, [£) overaninstitutionmorphism
(®2,02,B%): (Sign,SenMop, =) — (Sigrf*, Sef, Mop?, =2)

1. Eachsentenceof the baseinstitution which is presered by F-reducedproductsis also

modally presered by ¥ -reducedoroductsof frames.

2. Eachsentencef thebasenstitutionwhichis preseredby ¥ -reducedactorsis alsomodally
preseredby ¥ -reducedactorsof frames.

3. The setof sentencesnodally presered by ¥ -reducedproductsof framesis closedunder
possibility ©.

4. The set of sentencesnodally presered by ¥ -reducedfactorsof framesis closedunder
possibility ©.

5. The setof sentencesnodally presered by ¥ -reducedproductsof framesis closedunder
existential x-quantification wheny is conserative andpreseres ¥ -reducedproductsin the
baseinstitution.

6. The set of sentencesnodally presered by ¥ -reducedfactorsof framesis closedunder
existentialx-quantificationwheny lifts #-reducedoroductsof frames.
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7. The set of sentencesnodally presered by ¥ -reducedfactorsof framesand the set of
sentencesnodally presered by F-reducedproductsof framesare both closedunder (finite)
conjunction.

8. The setof sentencesnodally presered by ¥ -reducedproductsof framesis closedunder
infinite conjunctions.

9. If a sentenceis modally presered by ¥ -reducedfactorsof framesthen its negation is
modally presered by ¥ -reducedoroductsof frames.

And finally, if we furtherassumehat # containsonly ultrafilters,

10. If a sentencas modally presered by 7 -reducedproductsof framesthenits negationis
modally presered by ¥ -reducedactorsof frames.

11. Thesetof sentencemodally presered by both ¥ -reducedoroductsandfactorsof frames
is closedundernegation.

O

COROLLARY 1. Eachmodal sentenceobtainedfrom the Los-sentencesf the baseinstitution
by iterative applicationof logical connecties, necessityd, possibility ¢, andx-quantificationgor
which x is conserative, preseres reducedproductsof models(in the baseinstitution), and lifts
reducedproductsof frames

1. is modally preseredby ultraproductsaandultrafactors,and
2. is presered by ultraproducts.

O

Note that (ordinary) preseration by ultrafactorsis not a propertyto be in generalexpected
for modal satishction, since, unlike in the caseof ultraproducts for ultrafactorsthe (ordinary)
preseration cannotbe establishedisa consequencef the modal preseration. This seemdo be
oneof theimportantparticularitiesof modalsatisaction.

Similarly to the correspondingesultfrom (Diaconescu2003),the only conditionsthatnarrav
the setof modal sentencesvhich are presered by ultraproductsrefer to the quantifiers.Except
lifting of reducedrames,the otherconditionsareat the level of the baseinstitution andthey have
beenpreviously analysedTherefore the key conditionis the lifting of reducedframes.However
theresultbelon reducest to lifting of models(in the baseinstitution).

DEFINITION 6. A signaturemorphismy: =~ — 3’ is ®*-exact whenthe squareof the naturality
of B2 for x is pullback:

pe

> MoD(Z) <—— Mob/(Zd?)
x{ MOD(x)T TMOD(XCDA)
! Mob(') ~ Mop'(Z'®?)

5!

O

PROPOSITION2. Lety: > — ' beasignaturemorphismin the baseinstitution.If X is ®”-exact
andlifts andpreseresreducedproductsof models thenit lifts reducedproductsof frames.0

COROLLARY 2. A signaturemorphismlifts reducedproductsof frameswhenit is finitary repre-

sentableonserative, ®*-exact,andpreseresreducedproductsof models(in the basenstitution).
O
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EXAMPLE 1. We may recall thatfor the institution of first orderlogic, eachinjective signature
morphismaddingonly a finite numberof constantasnewn symbolsis finitary representabléviore-
over, suchsignaturemorphismis also ®*-exact whenwe take the sub-institutionwith signatures
are setsof sort symbolsplus constantdeclarationsasthe domaininstitution. This shavs how the
preseration of modalsentenceby ultraproductsn cornventionalmodalfirst orderlogic becomes
specialcaseof Theoreml. O

Let usderive a compactnespropertyfor modalinstitutionsasapplicationof our modalpreser
vationresult.

DEFINITION 7. A setof sentenceg& for asignatureX is consistentf E* is notempty

An institutionis modelcompactf eachsetof sentencess consistentvhenall its finite subsets
areconsistent.

If for eachsetof sentence& andeachsentence, E |= eimpliestheexistenceof afinite subset
E: C E suchthatEs |= e, thenwe saythattheinstitutionis compact O

REMARK 1. Eachmodelcompactnstitutionhaving negationis compactandeachcompactinsti-
tution having false! is modelcompactd

Recallfrom (Diaconescu2003)thefollowing result:

PROPOSITIONS3. Any institutionin which eachsentences presered by ultraproductds model
compactd

Whenwe applythis to modalinstitutionswe obtain:

COROLLARY 3. If the baseinstitutionis a £ 0s-institutionand eachmodal sentenceés obtained
from the sentencesf the baseinstitution by iterative applicationof logical connectres, necessity
O, possibility <, andx-quantificationdor whichx is finitary representableonserative, ®"-exact,
and preseres reducedproductsof models(in the baseinstitution), then the modalinstitution is
modelcompactO

EXAMPLE 2. A typical concreteinstanceof Corollary 3 is corventionalmodalfirst orderlogic,
whichis thereforemodelcompactBy Remarkl modalfirst orderlogic is compactoo. O

4. Conclusionsand Future Research

We have definedabstractmodal’ institutionshaving framesdefinedfrom the modelsof the base
institution, modal sentencess extensionsof the sentence®f the baseinstitution with the usual
modaloperatorassentencesndamodalsatishctionbetweerframesandsentencesd/Ve canextent
our work to the multi - modal case.Otherlogical systemssuchas epistemiclogic, actionlogic,

dynamiclogic or deonticlogic which useKripke modelsmay benefitfrom our approachBasedon

the presentvork andonthe Grothendieclconstruction®ninstitutions(Diaconescu2002)we plan

to developaninstitutionunderlyingformal ethics.
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