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Abstract.
Wedefineabstractmodalsemanticsusinginstitutions.Modalitiescanthenbegeneratedoverawidevarietyof logics.

Usingtoolsfrom institution-independentmodeltheorywe statea preservationresultfor themodalsatisfaction.

1. Introduction

Institutions(Goguenand Burstall, 1992) formalize the intuitive notion of logical system,using
conceptsfrom category theory. Their initial goal was”to do asmuchcomputingscienceaspos-
sible” independentlyof what theunderlyinglogic maybe.Recently, this ‘institution-independent’
approachfoundapplicationsin modeltheory(Diaconescu,2003;Diaconescu,2004b;Diaconescu,
2004a).Basedon the internal logic of (Diaconescu,2003) wherelogical connectives and quan-
tifiers can be developedinternally to any institution, our paper introducesa Kripke semantics
(Kripke,1959;Goldblatt,1993)at thelevel of arbitraryinstitutions.Also,wedevelopafundamental
preservation result,namelythateachmodalsentenceis preserved by ultraproductsof frames.For
knowledgeon institution-independent ultraproductsthereadershouldconsult(Diaconescu,2003).

This papergivesonly thebasicdefinitionsandresults,themissingproofs,examples,andmore
discussioncan be found in (Diaconescuand Stefaneas,2003).Our notationand terminologyof
category and institution theory is consistentto that of (Diaconescu,2003; Diaconescu,2004b;
Diaconescu,2004a).

2. Possible worlds semantics in arbitrary institutions

DEFINITION 1. Assumeaninstitutionmorphism�
Φ∆ � α∆ � β∆ � : ��� ign� Sen� MOD ��� ���
	 ���

ign∆ � Sen∆ � MOD∆ ��� � ∆ � from a ‘base’ institutionto a ‘do-
main’ institution.GivenasignatureΣ in

�
ign, a Σ-frame

�
W� R� consistsof

� a family of Σ-modelsW : IW 	��MOD
�
Σ �
� suchthat sharingconditionβ∆

Σ
�
Wi ��� β∆

Σ
�
Wi � �

holdsfor eachi � i ��� IW, and� anbinaryaccesibilityrelationRon theindex setIW.

A Σ-framehomomorphism
�
hW � hI � : �W� R��	 �

W � � R� � consistsof

� afunctionhI : IW 	 IW � betweentheindex setswhichisarelationhomomorphism,i.e. � i � j ���
R implies � hI � i ��� hI � j � ��� R� , and� anaturaltransformationhW : W � hI ;W � suchthatβ∆

Σ
���

hW � i ��� β∆
Σ
���

hW � i ��� for eachi � i � � IW.

For eachK ��� T � S4 � S5 � , the Σ-framesand their homomorphismsform a category denoted
K∆-MOD

�
Σ � . �

In the actualexamplesvariousframeconceptscorrespondto variouslevel of sharingobtained
by varying the domain institution. For example,in the framework of first order logic, the most
conventionalcaserealisingtheidesthatvaluationsin eachframeinterpretuniformly the(first order)
variables,is obtainedwhenthedomainsignaturesaresetsof sortsymbolsplusconstantdeclarations.

c
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DEFINITION 2. Given a signaturemorphismϕ : Σ 	 Σ � , eachΣ � -frame
�
W � � R� � canbe reduced

to theΣ-frame
�
W � ;MOD

�
ϕ ��� R� � . Similarly, eachframehomomorphism

�
hW � hI � canbereducedto�

hWMOD
�
ϕ ��� hI � . Thisdefinesa framemodelfunctorK∆-MOD :

�
ignop 	"! at. �

Thedefinitionbelow extendstheinternallogic of (Diaconescu,2003)with modalities.

DEFINITION 3. Given any institution
���

ign� Sen� MOD ��� ��� , a functor M-Sen:
�

ign 	 �
et is a

modalsentencefunctorover Senwhen

� for eachsignatureΣ, eachsentencein M-Sen
�
Σ � can be obtainedfrom the sentencesof

Sen
�
Σ � by iterative applicationof

# usuallogical connectives(i.e. conjunction,disjunction,negation,implication,etc.),
# modal(unary)connectives(i.e. necessity� , possibility $ ),
# universalorexistentialquantificationalongsignaturemorphisms,i.e.

��%
χ � ρ isaΣ-sentence

whenρ is a Σ1-sentenceandχ : Σ 	 Σ1 is asignaturemorphism.

� for eachsignaturemorphismφ : Σ 	 Σ1,

# M-Sen
�
φ � � ρ ��� Sen

�
φ � � ρ � whenρ � Sen

�
Σ � ,

# M-Sen
�
φ � � ρ1 & ρ2

�
� M-Sen
�
φ � � ρ1

� & M-Sen
�
φ � � ρ2

� ; similarly for otherlogicalconnec-
tives,

# M-Sen
�
φ � � � ρ �'� � � M-Sen

�
φ � � ρ ��� ; similarly for $ , and

# M-Sen
�
φ � ����% χ � ρ �'� ��%

χ � � M-Sen
�
φ1
� � ρ � where

Σ
φ ()

χ *+
Σ �

χ �*+
Σ1 φ1

()
Σ �1

is apushoutof signatures;similarly for existentialquantification.

�
DEFINITION 4. Given a signatureΣ, for eachΣ-frame

�
W� R� and eachmodal sentenceρ �

M-Sen
�
Σ � wedefinethesatisfactionof ρ in

�
W� R� at thepossibleworld i � IW, denoted

�
W� R�,� � i ρ

by

� �
W� R�-� � i ρ if andonly if Wi � � ρ whenρ � Sen

�
Σ � ,

� �
W� R�.� � i ρ1 & ρ2 if andonly if

�
W� R�/� � i ρ1 and

�
W� R�/� � i ρ2; similarly for other logical

connectives,
� �

W� R�-� � i � ρ if andonly if
�
W� R�0� � j ρ for each � i � j �1� R, and

� �
W� R�-� � i ��% χ � ρ if andonly if

�
W � � R�,� � i ρ for eachexpansion

�
W � � R� of

�
W� R� alongχ.

For eachΣ-frame
�
W� R� andeachΣ-modalsentenceρ, then

�
W� R� satisfiesρ, denoted

�
W� R���m� ρ,

if andonly if
�
W� R��� � i ρ at eachpossibleworld i � IW. �

THEOREM1. Assumethatboththebaseinstitutionandthedomaininstitutionaresemi-exactand
thatthemappingbetweentheir categoriesof signaturespreserve pushouts.

Thenfor any modalsentencefunctorM-Senover Sen, andfor eachK �2� T � S4 � S5 � ,���
ign� M-Sen� K∆-MOD �3�m��� is aninstitution. �
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3. Reduced products of frames

Let
�
Φ∆ � α∆ � β∆ � : ��� ign� Sen� MOD ��� ���4	 ���

ign∆ � Sen∆ � MOD∆ ��� � ∆ � be an institution morphism
from abaseinstitutionto a domaininstitutionsuchthat

EB. thebaseinstitution
���

ign� Sen� MOD ��� ��� is semi-exact,

ED. thedomaininstitution
���

ign∆ � Sen∆ � MOD∆ ��� � ∆ � is semi-exact,

ET. Φ∆ :
�

ign 	 �
ign∆ preservespushouts,and

RP. for eachsignatureΣ thecategoryof Σ-modelsMOD
�
Σ � hassmallproductsanddirectedcolim-

its andβ∆
Σ preservesthem.

LI. for any signatureΣ, β∆
Σ lifts isomorphisms, i.e. if β∆

Σ
�
M � is isomorphicto N � thereexists N

isomorphicto M suchthatN � � β∆
Σ
�
N � .

In theactualexamplestheconditions[EB.], [ED.], and[ET.] asvery easy, while thecondition[LI.]
is almosttrivial. Condition[RP.] is alsovery easybeingvery similar to thepreservationof reduced
productsby modelreductscorrespondingto signaturemorphismsin aninstitution.

PROPOSITION1. For eachK ��� T � S4 � S5 � and for eachsignatureΣ, the category of frames
K∆-MOD

�
Σ � hasreducedproducts.�

Let
���

ign� M-Sen� K∆-MOD �3�m��� beamodalinstitutionover theinstitutionmorphism�
Φ∆ � α∆ � β∆ � : ��� ign� Sen� MOD ��� ���.	 ���

ign∆ � Sen∆ � MOD∆ ��� � ∆ � satisfying the conditions[EB.],
[ED.], [ET.], [RP.], and[LI.].

DEFINITION 5. Let 5 beaclassof filters.For asignatureΣ, amodalsentenceρ is

� modallypreservedby 5 -reducedfactors whenfor eachi � IWF , ∏F
�
Wi
� Ri
�
� �

WF
� RF

�,� � i ρ
implies“thereexistsJ � F andk � µ6 1

J

�
i � suchthat

�
Wj
� Rj
�0� � kj ρ for eachj � J”, and

� modallypreservedby 5 -reducedproductswhenfor eachi � IWF , “there exists J � F and
k � µ6 1

J

�
i � suchthat

�
Wj
� Rj
�,� � kj ρ for eachj � J” implies∏F

�
Wi
� Ri
�
� �

WF
� RF

��� � i ρ.

for eachfilter F �75 overa setI andfor eachfamily � �Wi
� Ri
� � i 8 I of Σ-frames.�

The following modal fundamentalultraproductstheoremrepresentsa modalextensionof the
mainresultof (Diaconescu,2003).

THEOREM2. For any modalinstitution
���

ign� M-Sen� K∆-MOD ���m��� overaninstitutionmorphism�
Φ∆ � α∆ � β∆ � : ��� ign� Sen� MOD ��� �9�
	 ���

ign∆ � Sen∆ � MOD∆ ��� � ∆ �
1. Eachsentenceof the baseinstitution which is preserved by 5 -reducedproductsis also
modallypreservedby 5 -reducedproductsof frames.

2. Eachsentenceof thebaseinstitutionwhichis preservedby 5 -reducedfactorsis alsomodally
preservedby 5 -reducedfactorsof frames.

3. The setof sentencesmodally preserved by 5 -reducedproductsof framesis closedunder
possibility $ .

4. The set of sentencesmodally preserved by 5 -reducedfactorsof framesis closedunder
possibility $ .

5. The setof sentencesmodally preserved by 5 -reducedproductsof framesis closedunder
existentialχ-quantification,whenχ is conservative andpreserves 5 -reducedproductsin the
baseinstitution.

6. The set of sentencesmodally preserved by 5 -reducedfactorsof framesis closedunder
existentialχ-quantification,whenχ lifts 5 -reducedproductsof frames.
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7. The set of sentencesmodally preserved by 5 -reducedfactorsof framesand the set of
sentencesmodally preserved by 5 -reducedproductsof framesarebothclosedunder(finite)
conjunction.

8. The setof sentencesmodally preserved by 5 -reducedproductsof framesis closedunder
infinite conjunctions.

9. If a sentenceis modally preserved by 5 -reducedfactorsof framesthen its negation is
modallypreservedby 5 -reducedproductsof frames.

And finally, if we furtherassumethat 5 containsonly ultrafilters,

10. If a sentenceis modally preserved by 5 -reducedproductsof framesthen its negation is
modallypreservedby 5 -reducedfactorsof frames.

11. Thesetof sentencesmodallypreservedby both 5 -reducedproductsandfactorsof frames
is closedundernegation.

�
COROLLARY 1. Eachmodal sentenceobtainedfrom the Łoś-sentencesof the baseinstitution
by iterative applicationof logical connectives,necessity� , possibility $ , andχ-quantificationsfor
which χ is conservative, preserves reducedproductsof models(in the baseinstitution), and lifts
reducedproductsof frames

1. is modallypreservedby ultraproductsandultrafactors,and

2. is preservedby ultraproducts.

�
Note that (ordinary) preservation by ultrafactorsis not a property to be in generalexpected

for modal satisfaction, since,unlike in the caseof ultraproducts,for ultrafactorsthe (ordinary)
preservation cannotbe establishedasa consequenceof the modalpreservation. This seemsto be
oneof theimportantparticularitiesof modalsatisfaction.

Similarly to thecorrespondingresultfrom (Diaconescu,2003),theonly conditionsthatnarrow
the set of modal sentenceswhich arepreserved by ultraproductsrefer to the quantifiers.Except
lifting of reducedframes,theotherconditionsareat the level of thebaseinstitutionandthey have
beenpreviously analysed.Therefore,the key conditionis the lifting of reducedframes.However
theresultbelow reducesit to lifting of models(in thebaseinstitution).

DEFINITION 6. A signaturemorphismχ : Σ 	 Σ � is Φ∆-exact whenthesquareof thenaturality
of β∆ for χ is pullback:

Σ

χ *+
MOD

�
Σ � MOD � � ΣΦ∆ �β∆

Σ:;

Σ � MOD
�
Σ � �

MOD < χ =
> ?

MOD � � Σ �Φ∆ �
β∆

Σ �
:;

MOD < χΦ∆ =
> ?

�
PROPOSITION2. Let χ : Σ 	 Σ � beasignaturemorphismin thebaseinstitution.If χ is Φ∆-exact
andlifts andpreservesreducedproductsof models,thenit lifts reducedproductsof frames.�
COROLLARY 2. A signaturemorphismlifts reducedproductsof frameswhenit is finitary repre-
sentableconservative, Φ∆-exact,andpreservesreducedproductsof models(in thebaseinstitution).
�
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EXAMPLE 1. We may recall that for the institution of first order logic, eachinjective signature
morphismaddingonly a finite numberof constantsasnew symbolsis finitary representable.More-
over, suchsignaturemorphismis alsoΦ∆-exact whenwe take the sub-institutionwith signatures
aresetsof sort symbolsplus constantdeclarationsasthe domaininstitution.This shows how the
preservationof modalsentencesby ultraproductsin conventionalmodalfirst orderlogic becomesa
specialcaseof Theorem1. �

Let usderive a compactnesspropertyfor modalinstitutionsasapplicationof our modalpreser-
vationresult.

DEFINITION 7. A setof sentencesE for asignatureΣ is consistentif E @ is notempty.
An institution is modelcompactif eachsetof sentencesis consistentwhenall its finite subsets

areconsistent.
If for eachsetof sentencesE andeachsentencee, E � � e impliestheexistenceof afinite subset

Ef A E suchthatEf
� � e, thenwe saythattheinstitutionis compact. �

REMARK 1. Eachmodelcompactinstitutionhaving negationis compactandeachcompactinsti-
tutionhaving false1 is modelcompact.�

Recallfrom (Diaconescu,2003)thefollowing result:

PROPOSITION3. Any institution in which eachsentenceis preserved by ultraproductsis model
compact.�

Whenweapplythis to modalinstitutionsweobtain:

COROLLARY 3. If the baseinstitution is a Łoś-institutionandeachmodalsentenceis obtained
from thesentencesof thebaseinstitutionby iterative applicationof logical connectives,necessity
� , possibility $ , andχ-quantificationsfor whichχ is finitary representable,conservative,Φ∆-exact,
andpreserves reducedproductsof models(in the baseinstitution), then the modal institution is
modelcompact.�
EXAMPLE 2. A typical concreteinstanceof Corollary 3 is conventionalmodalfirst orderlogic,
which is thereforemodelcompact.By Remark1 modalfirst orderlogic is compacttoo. �

4. Conclusions and Future Research

We have definedabstract‘modal’ institutionshaving framesdefinedfrom the modelsof the base
institution, modal sentencesasextensionsof the sentencesof the baseinstitution with the usual
modaloperatorsassentences,andamodalsatisfactionbetweenframesandsentences.Wecanextent
our work to the multi - modal case.Other logical systemssuchasepistemiclogic, action logic,
dynamiclogic or deonticlogic which useKripke modelsmaybenefitfrom our approach.Basedon
thepresentwork andontheGrothendieckconstructionson institutions(Diaconescu,2002)weplan
to developaninstitutionunderlyingformalethics.

References

Diaconescu,R.: 2002,‘GrothendieckInstitutions’. AppliedCategorical Structures10(4), 383–402.Preliminaryversion
appearedasIMAR Preprint2-2000,ISSN250-3638,February2000.

Diaconescu,R.: 2003,‘Institution-independentUltraproducts’.FundamentaInformaticæ55(3-4),321–348.

1 A sentencewhich is not satisfiedby any model.

lisbon04.tex; 3/03/2004; 17:28; p.5



6

Diaconescu,R.: 2004a,‘Elementarydiagramsin institutions’. Journalof Logic andComputation. To appear.
Diaconescu,R.: 2004b,‘An institution-independentproof of Craig InterpolationTheorem’. StudiaLogica 76(3). To

appear.
Diaconescu,R.andP. Stefaneas:2003,‘PossibleWorldsSemanticsin arbitraryInstitutions’.TechnicalReport7, Institute

of Mathematicsof theRomanianAcademy. ISSN250-3638.
Goguen,J. andR. Burstall:1992,‘Institutions:AbstractModel Theoryfor SpecificationandProgramming’.Journal of

theAssociationfor ComputingMachinery39(1), 95–146.
Goldblatt, R.: 1993, Mathematicsof modality, Vol. 43 of Lecture Notes. Center for the Study of Languageand

Information.
Kripke,S.:1959,‘A completenesstheoremin modallogic’. Journalof SymbolicLogic 24, 1–15.

lisbon04.tex; 3/03/2004; 17:28; p.6


